


This book is devoted to the stochastic
processes associated with diffusion
when now the assumption of spatial
homogeneity is dropped . . .
Valuable information about Brownian
motion is contained in the first two
chapters, and the general diffusions
(in one or more dimensions of space)
then make their appearance. Some
information will also be found on a
non-linear diffusion of importance in
genetics (‘the wave of advance of
advantageous genes’). The authors
become deeply involved with semi-
groups of transformations and their
sideconditions, and with the precise
interpretations of these in terms of
the sample paths. This makes the
book a formidable one, especially in
view of its telegraphic style, but this
should not be allowed to obscure the
fact that the authors are writing
about concrete problems of great
importance; moreover, the book
contains a very large number of
specific examples and may turn out
to be the geneticist’s Courant and
Hilbert of the 1980’s. The format

and binding are of the highest quality.

D. G. Kendall in “Biometrica”
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Computer-simulated molecular motions, reminiscent of 2-dimensional BrRowNian
motion. [From ALDER, B.]J., and T. E. WaiNnwRriGHT: Molecular motions. Scientific
American 201, no. 4, 113—126 (1959)].



Preface

RoBERT Browx, an English botanist, observed (1828) that pollen
grains suspended in water perform a continual swarming motion (see,
for example, D’ArcY TrOMPSON [1: 73—77]).

L. BACHELIER (1900) derived the law govering the position of a
single grain performing a 1-dimensional BROWNian motion starting at
a € R* at time ¢ = 0:

1) P,[x(f)€db] =¢g(t,a,d)dbd (£, a,b) € (0, +o0) X R?,
where g is the source (GREEN) function
— (b —a)?2t

o(t,a,d) =—
2) 8,0, 8) =S
of the problem of heat flow:
: du 1 0%u .
3) & TRl (2> 0).

BACHELIER also pointed out the MARKOVian nature of the BRowNian
path expressed in

4) Pyla, S x(t) < by, a S x(h) < bg,y...,a, = x(4,) < b,)
b, by B

= [ ... [gt.a. &) glti— b, &1, 69 - ..

a, a an
gty — tp-1, 511-1» ‘.Sn) d§1 d§2 &R dfn 0<h <lp<eve <y

and used it to establish the law of maximum displacement

b

5) Py [max #(s) S 8] = 2 [

e— a2t

: da :1>0,0=0
V2=t
(see BACHELIER [I]).

A. EINSTEIX (1905) also derived 1) from statistical mechanical con-
siderations and applied it to the determination of molecular diameters
(see, for example, A. EINSTEIN [I]).

BACHELIER was unable to obtain a clear picture of the BRowNian
motion and his ideas were unappreciated at the time; nor is this sur-
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prising because the precise definition of the BRowNian motion involves
a measure on the path space, and it was not until 1909 that E. BOREL
published his classical memoir [7] on BERNOULLI trials. But as soon as
the ideas of BOREL, LEBESGUE, and DANIELL appeared, it was possible
to put the BROwNian motion on a firm mathematical foundation; this
was achieved in 1923 by N. WIExER [1].

Consider the space of continuous paths w:£€ [0, +oc) — R with
coordinates x(f) = w(f) and let B be the smallest BOREL algebra of
subsets B of this path space which includes all the simple events
B=(w:a=x({) <b) ((=0,a<b). WIENER established the exi-
stence of non-negative BOREL measures P,(B) (¢ € R, BE€B) for
which 4) holds; among other things, this result attaches a precise
meaning to BACHELIER's statement that the Brownian path is conti-
NUOUS.

P.LEvy [2] found another construction of the BRowNian motion
and, in his 1948 monograph [3], gave a profound description of the fine
structure of the individual BRowxian path. LEVY’s results, with several
complements due to D. B. Ray [4] and ourselves, will be explained in
chapters 1 and 2, with special attention to the standard BrownNian
local time (the mesure du wvoisinage of P. LEVY):

__ 1. measure (s: a < ¥(s) < b, s 1)
6) t(¢, a) _lbli% 50 —a) :

Given a STURM-LIOUVILLE operator & = (c,/2) D* - ¢; D (¢, > 0) on
the line, the source (GREEN) function p = p (¢, a, b) of the problem

du

shares with the GAauss kernel g of 2) the properties

8a) 0=9p

8b) [P0, a,b0)db=1
Rl

8¢) plt,a,b)= [p(t—s,a,0) p(s,c,b)dc t>s>0.
Rl

Soon after the publication of WIENER's monograph [3] in 1930, the
associated stochastic motions (diffusions) analogous to the BrRowNian
motion (@& = D?/2) made their debut; the names of W. FELLER and
A. N. KoLM0oGOROV stand out in this connection. At a later date (1946),
K. ITo [2] proved that if

9) la(®) — (@] + Ve (b) — Ves(a) | < constant X b — a,



Preface IX

then the motion associated with & = (¢,/2) D* + ¢, D is identical in
law to the confinuons solution of

14

t
‘¢ (a) ds -}—fl/cg(a)db
0

10) a(t) = a(0) + |
0
where b is a standard Browxian motion.
W. FELLER took the lead in the next development.
Given a MaRrRKoOvian motion with sample paths w:¢ - x(f) and
probabilities P,(B) on a linear interval (), the operators

11) Hy:f - [ Pylx(t) € 28] f()
constitute a semi-group:
12) Hy=H,; H, (6= s},

and as E. HiLi1e [I] and K. YosipA [I] proved,
13) Hy =% (t>0)

with a suitable interpretation of the exponential, where & is the so-
called generaior.

D. Ray [2] proved that if the motion is strici Markov (i.e., if it
starts afresh at certain stochastic (MARKOV) times including the passage
times m, = min (¢: x(}) = a), efc.), then & is local if and only if the
motion has continuous sample paths. substantiating a conjecture of
W. FELLER; this combined with FELLER’s papers [4, 4, 7, 9] im-
plies that the generator of a strict MARKOVian motion with continuous
paths (diffusion) can be expressed as a differential operator
u* (b) — u* (a)

m(a, b]

14) (©u) () = Lim )

where m is a non-negative BOREL measure positive on open intervals

and, with a change of scale, #*(a) = lblin (b — a)~ [u(d) — u(a)], except
a
at certain singular points where & degenerates to a differential operator

of degree =<1.

E. B. DyxxiIn [7] also arrived at the idea of a strict MARKOV process,
derived an elegant formula for ®, and used it to make a simple (prob-
abilistic) proof of FELLER's expression for &; the names of R. BLUMEN-
THAL [I] and G. HuxNT [7] and the monographs of E. B. DyNkIN [6, §]
should also be mentioned in this connection.

Our plan 1s the following.

BrownNian motion is discussed in chapters 1 and 2 and then, in
chapter 3, the general linear dizffusion is introduced as a strict MARKOVian
motion with continuous paths on a linear interval subject to possible
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annihilation of mass. & is computed in great detail in chapter 4 using
probabilistic methods similar to those of E. B. DYNKIN [§]; in the so-
called non-singular case 1t 1s a differential operator

w*(b) —u*(a) — [ udk

- R I (- (g, d]
15) (@) {a) =1m T

with #* and m as in 14), where now % is the (non-negative) BOREL
measure that governs the annihilation of mass (such generators occur
somewhat disguised in W. FELLER [9]).

Given & as in 14) and a standard Brow~Nian motion with sample
paths w:¢ — x(f), if t is P. LEvY’s Brownian local time and if {-1 is the
inverse function of the local time integral

16) [(1) = [t(t, &) m(d§),

then the motion x (j-2) is identical in law to the diffusion attached to &,
as will be proved in chapter 5, substantiating a suggestion of H. TroOT-
TER; B. VoLkoONSKII [7] has obtained the same fime substitution in a
less explicit form.

Given & as in 15), the associated motion can be obtained by A:lling
the paths x (j-1) described above at a (stochastic) time m ., with conditio-
nal law

17) P[me >t x(7Y)] = R KGR CRORICE:

as 1s also proved in chapter 5; in the special case of the elastic Brownian
motion on [0, + oo) with generator & = D?/2 subject to the condition
yu(0) =1 —p)ur(0) 0<y<1),

f= f t(¢, §) 2d £ = measure (s:x(s) =.0,5 ét).
0

x(f~1) is identical in law to the classical reflecting Brownian motion
x* ==|x|, and 17) takes the simple form

— (¢, 0
,18) P.[moo>tlx+1=6 1=y ¢, 0) (t+=2t)’

substantiating a conjecture of W. FELLER: that the clastic BRowNian
motion ought to be the same as the reflecting BRowNian motion killed
at the instant a certain increasing functional ¢(8, N [0, #)) of the time ¢
and the visiting set 3+ = (¢: x* ({) = 0) hits a certain level.

Details about the fine structure of the sample paths of the general
linear diffusion with emphasis on local times, will be found in chapter 6.
BrowNian motion in several dimensions 1s treated in chapter 7, and
in chapter 8, the reader will find some glimpses of the general higher-
dimensional diffusion.
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Numbering : 1.2 means section 2 of chapter 1; 1.2.3) or problem 1.2.3
or diagram 1.2.3 means formula or problem or diagram 3 of 1.2; 3) or
problem 3 or diagram 3 means formula or problem or diagram 3 of the
current section. R. BRowN [1: 2] means page 2 of the item R. BRowN [7]
of the bibliography.

Problems accompanied by some indication of their solutions are
placed at the end of each section; these oiten contain additional infor-
mation needed below and are an essential part of the exposition.

Diagrams do not pretend to photographic faithfulness; for example,
the BrRowxian path is often pictured as if it had isolated zeros, which
1s not at all the acual case.

A list of notations is placed at the end of the book.

Warning: positive means >0, while non-negative means =0; it
1s the same for negative (<C0) and non-positive (=0). 2 /A b means the
smaller of @ and b, a\/ & the larger of the two.



Prerequisites

The reader is expected to have about the same mathematical back-
ground as is needed to read COURANT-HILBERT [Z, 2]. Besides this, he
should have mastered most of W. FELLER’s book on probability [3]
plus the topics listed below (see A. N. KoLmMoGorov [2] for a helpful
outline and some of the proofs).

Algebras. Given a space W, a class A of its subsets is said to be an
algebra if

1) WeA

2) A—B,AUB,ANBEA incase A,BE€A.
A is said to be a Borel algebra if, in addition,

3) ngn, ngnEA wm case B,€A(n=1).

Borel extension. A class A of subsets of W is contained in a least
Borel algebra B. B is the so-called Borel extension of A.

Probability measures. Consider a non-negative set function P (C)
defined on an algebra A. P is said to be a probability measure if

1) P(W) =1

and

2) P(A ) B)= P(4)++ P(B) A,BEA, ANB=2g.
P is said to be a Borel probability measure if, in addition,

3a) P(B,)¥0 (nt+o) Byv@,B,CA(n=1)

or, what 1s the same,
3b) P( ngn):glP(Bn) BnanZQ(n<m):
n = n=
By An =1), U Bic A.
n=1
Kolmogorov extension. Given a BOREL probability measure P on

an algebra A, there is a unique BOREL probability measure  on the
BoREL extension B of A that coincideswith Pon A :Q (B) =inf D> P(4,),

n=1

where the infemum is taken over all coverings U A4, of B & B with
nal

A, € A(n = 1); the triple (W, B, Q) 1s said to be a probability space.

1td/McKean, Diffusion processes 1
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Measurable funetions. Given a space W and a BoreLr algebra B of
its subsets, a function j: W — [—oc, 0] is said to be measurable B
(or BoreLr) if the ordinate set f-1la, b) € B for each choice of a < b.

Integrals. Given a probability space (W, B, Q), the integral or ex-
pectation of a non-negative B measurable function / is defined to be

E(f)= [}aQ

W

= lim X 127Q[ (I —1)2™12] Q[ (+o0)] =0

n4+ oc 151

= 40 QI (H00)] > 0.
E, applied to such non-negative functions, satisfies
1) E(fyz0
2) E(#®) =4
3) E(f, + 1) = E(f) + E(fs)
4a) E(f.) + E(7) fatf
4b) E(/'n)¢‘£(f) fan.'i’E(/l) < —-00,
5) E(limf,) = ImE(f,).

E(f, B) = E(B, f) is short for [ fdQ.
B
Products. Given probability spaces (W, B;,0,) and (W,, B,, @,),
the class A of finite sums A4 of disjoint rectangles B; X B, (B; € B,
B, € B,) is an algebra and

Q(By X By) = 0, (B1) X Q5(By)

can be extended to a BOREL probability measure on A; the product
0, %X 0, is the KoLM0OGOROV extension of this Q to the BOREL extension
B= B, <XB, of A.

Fubini’s theorem. Given a B, X B, measurable function f from
W, X W, to [0, +0),

I fdQ, X Qe = ’ aQ, ffdgz - ’ dQy [ 1dQ,.
WyX ¥, W, Ty i, i,

Infinite produets. Given probability spaces (7, B,,, Q,) (#» = 1),

AptA=B X Wy, X Wy,oX ele.,, BEB;, XByX +oXB,
is a BORrEL algebra and

Q(A) = 1 X Q2 X ++ X Qu(B)

is a BOREL probability measure on the algebra A = U A,; the infiniie
n=1
product X (,1s defined as the KoLM0OGOROV extension of Q to the BoreL
n=1
extension X B, of A.
n=1
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Independence. Given a probabilitvy space (W, B, P), the BoOrReL
algebras B,, B, C B are said to be independent if

P(B,N B,) = P(B,) P(B,) B,€B,, B,€B,;

the BOREL algebras B, (# = 1) are independent, if, for each » = 1, B,
is independent of the BOREL extension of U B;; the sets B, € B (n = 1)

I+=n
are independent if the algebras B, = [@, B,, W — B,, W] (n = 1) are
such; the B measurable functions f, (# = 1) are independent if the
BoREL extensions F, of their ordinate sets f;'[@, d) (@ < b) are such;
the B measurable function f is independent of the BOREL algebra ACB
if the BOREL extension of its ordinates sets is independent of A; elc.
E(f, fs) = E(f;) E(f,) i f, 1s independent of f,.

Kolmogorov 01 law. If A, (# = 1) are independent subalgebras
of B, if B, is the BOREL extension of U A;, ana if B€&€ M B,, then
P{b] = 1 or 1. iz nel

Strong law of large numbers. Given independent, non-negative,
B measurable functions f,(# = 1) with the same distribution,

Pllim #»1t1 Y fL=E({)]=1.
[n F+oo kgﬂ fk (fl)]

Borel-Cantelli lemmas. Given events B, € B (n = 1), if
2 P(B) < 400, then P[ﬂ UBI]ZOI if 3 P(B) =+
=1 n=1l=n 21

and if the events are independent, then P[ g ZLZJ Bz] =1.
nzlizn

Conditional expectations. Given a BoREL subalgebra A of B and anon-
negative B measurable function 7, the conditional expectation E (f| A)
of | relative fo A is defined to be the class of A measurable functions g
such that E(g,4) =E(f,4) (4 € A); two such functions differ on
a null set € A. E(f| A) is the RapoN-Nikopyy derivative of Q(4) =
E(f, A) with respect to the restriction of P to A. E(f| A) (applied to
non-negative f) satisfies

1) E(ffA)Z0

2) E(A]|A) =1

3) E(h+f| A =E(|A) + E(f:| A)

4) E(f,| A+ E(f| A) fut]
) E(E(f|A) | A)=E(f| A) Ay D A
and

6) E(E(f| A) =EH;

1in addition,

7) E(f| A) = E())

1*



4 Prerequisites

if / and A are independent, and
8) Ef|A) =¢E(|A)

if ¢ 1s measurable A. In all this, it is understood that E(f | A) = (=) /,
1s short for the statement that f, = (=) f, for some /, from the class
E(7| A).

Conditional probabilities. Given B € B, the conditional expectation
E(e| A) of its indicator function ¢ is the so-called conditional prob-
ability P(B| A) of B relative to A; the rules for its manipulation are evi-
dent from the preceding article.

(aussian distributions. A class of measurable functions f is said to
be Gaussian and cemtered if each choice of x = (f;,/,,..., ;) and
(¥1, - - ., va) € RY, the inner product v - x is GAuss distributed with mean
Ey-x) =0, te,

b

1) P(a§y~x<b)=f

(22
where @ is the quadratic form Q = Q(y) = E[(y-%)2] = X2 E(f; ;) vs V4
1)

and the integral is interpreted as the unit mass at ¢ = 0 if the deter-
minant |Q| = 0. Suppose that the determinant [Q| == 0; then one can
invert the FOURIER transform E (¢'7'%) (= ¢ 9?) to obtain the prob-
ability density of x:

2) pie) = @a? [ereeay =
Rd
where (-1is the inverse quadratic form. Under the norm ||f||,= VE (),

the functions f span out a HILBERT space, and in this geometrical pic-
ture, statistical independence and perpendicularity are the same.

e—c*2Q

——dc,
Vo=@

e-¢ ()2

(2m*2Y|Q]
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