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CHAPTER 4: SOLUTION MANUAL

4.1 (Directional Derivative of Extended Real-Valued Functions)

Let f : R" — (—o00,00] be a convex function, and let x be a vector in dom(f).

Define

a>0 «
Show the following:
(a) f'(z;M\y) = Af'(z;y) for all A > 0 and y € R™.
(b) f
(c) —f'(z;—y) < f'(z;y) for all y € R".
)

(d) If dom(f) = R", then the level set {y | fl(z;y) < 0} is a closed convex
cone and its polar is given by

({y | f/(z;y) < 0})* = cl(cone(af(w))).

"(z;-) is a convex function.

Solution: (a) Since f'(x;0) = 0, the relation f'(z;\y) = Af'(x;y) clearly holds
for A = 0 and all y € ®". Choose A > 0 and y € R". By the definition of
directional derivative, we have

(M) = H;fo f(o+ a(Aj)> - f(x) \ H;fo f(z+ (az))\y) — f(ac)

By setting 3 = A« in the preceding relation, we obtain

@i dg) = A pnp HEEP I

= A (z;y).

(b) Let (y1,w1) and (y2,w2) be two points in epi(f’(m; )), and let v be a scalar
with v € (0,1). Consider a point (y,w~) given by
Yy =+ 1 =7)y2,  wy =7ywr+ (1 —)ws.

Since for all y € R™, the ratio

fx+ay) = f(z)

[e%

is monotonically nonincreasing as « | 0, we have

f(x+ayr) — f(x) < f($+061311)—f(33)’

« a1

YV a,a1, with 0 < a < ay,




flx+ayz) — fx) _ flz+asys) — f(z) Y a, a2, with 0 < a < as
o < o 9 ) ) - :

Multiplying the first relation by + and the second relation by 1 — 7, and adding,
we have for all & with 0 < a < a3 and 0 < a < aaq,

Waetay)+ A =Nflztay) = flz) o flz+owyy) = f()

[0} (e%5]

fx + a2y2) —f(x).

Qs

+(1-7)
From the convexity of f and the definition of y,, it follows that
[z +ayy) <vf(z+ayy) + (1 =) f(z+ays).

Combining the preceding two relations, we see that for all « < a1 and a < aq,

flotoy) —f(x) _ flatom) = @) g F o) -~ f@)

By taking the infimum over «, and then over a1 and as, we obtain

F(@yy) < vf (@yn) + (1 =) f (25 92) < qwr + (1= y)ws = wy,

where in the last inequality we use the fact (y1,w1), (y2, w2) € epi(f’(x; )) Hence
the point (y~,w~) belongs to epi(f'(z; )), implying that f'(z;-) is a convex
function.

(c) Since f'(z;0) =0 and (1/2)y + (1/2)(—y) = 0, it follows that
P (5 (2 + (1/2)(-p) =0, VYyeRr".
By part (b), the function f'(z;-) is convex, so that

0 < (1/2)f"(z;9) + (1/2) ' (z; —y),

and

—f'(x;—y) < f(z3).

(d) Let a vector ¥ be in the level set {y | f'(z;y) < O}, and let A > 0. By part
(a),
(@ Xg) = Af'(@;9) <0,

so that Ay also belongs to this level set, which is therefore a cone. By part (b),
the function f’(z;-) is convex, implying that the level set {y | f(x;y) < O} is
convex.

Since dom(f) = R", f'(z;-) is a real-valued function, and since it is convex,
by Prop. 1.4.6, it is also continuous over ™. Therefore the level set {y | f(z;y) <

O} is closed.



‘We now show that

({y | f(zy) < 0})* = cl(cone(@f(m)))

By Prop. 4.2.2, we have
! /
T;y) = max yd,
flzy)= m ax v

implying that f'(z;y) < 0 if and only if maxgecof) y'd < 0. Equivalently,
f'(z;y) <0 if and only if

y'd <0, Vdedf(x).
Since
y'd <0, v de df(z) = y'd <0, V d € cone(0f(x)),
it follows from Prop. 3.1.1(a) that f'(z;y) < 0 if and only if
y'd <0, V d € cone(df(x)).
Therefore
{y1 7' (@s) <0} = (cone(2/ @) ),

and the desired relation follows by the Polar Cone Theorem [Prop. 3.1.1(b)].

4.2 (Chain Rule for Directional Derivatives)

Let f:R" — R™ and g : R™ — RN be some functions, and let x be a vector in
R"™. Suppose that all the components of f and g are directionally differentiable
at z, and that g is such that for all w € ®™,

)= lim g9ly +az) — g(y)
9 - al0, z—w (6% '

Then, the composite function F(z) = g( I (x)) is directionally differentiable at z
and the following chain rule holds:

Fl(zyd) =g/ (f(x): f'(w:d)),  VdeR"

Solution: For any d € ®", by using the directional differentiability of f at x, we

have
F(x 4+ ad) — F(z) = g(f(x + ad)) - g(f(:r))
= 9(f(@) + af (z;d) + o(a)) = g(f(x))-

Let 2o = f'(z;d) + o(a)/a and note that zo — f'(x;d) as a | 0. By using this
and the assumed property of g, we obtain

o Plotad) = Fo) 9(f(2) + aza) —g(f())
al0 (0% al0 «

=g (f(x); f'(z;d)),

showing that F is directionally differentiable at = and that the given chain rule
holds.



4.3

Let f: R™ — R be a convex function. Show that a vector d € R" is a subgradient
of f at z if and only if the function d'y — f(y) attains its maximum at y = z.

Solution: By definition, a vector d € R" is a subgradient of f at z if and only if
f@) = fle) +d(y—2), VyeR",

or equivalently
dz—f(x) >dy—fly), VyeR™

Therefore, d € R" is a subgradient of f at x if and only if

d'z— f(z) = me{d'y -f}

4.4

Show that:

(a) For the function f(z) = ||z||, we have

orw [ {e/lel} ez
{d||ld] <1} ifx=o0.
(b) For a nonempty convex subset C' of R" and the function f : " — (—o0, 0]
given by
(0 ifzeC,
f@) = {oo ifz¢C,
we have

_ [Ne(x) ifzec,
6f(‘”)_{@ ifzdC.

Solution: (a) For x # 0, the function f(z) = ||z| is differentiable with V f(x) =
z/||z||, so that Of (z) = {Vf(x)} = {m/||x||} Consider now the case z = 0. If a
vector d is a subgradient of f at z = 0, then f(z) > f(0) + d’z for all z, implying
that

2|l > d'z, VzeR"

By letting z = d in this relation, we obtain ||d|| < 1, showing that 9f(0) C {d |
) <1}.
On the other hand, for any d € ®™ with ||d|| < 1, we have

dz < |ld] -zl <llzll,  VzeR,

which is equivalent to f(0)+d'z < f(2) for all z, so that d € 9f(0), and therefore
{d|d] <1} caf0).



Note that an alternative proof is obtained by writing

|lz|| = max =z,
Izl <1

and by using Danskin’s Theorem (Prop. 4.5.1).
(b) By convention df(x) = & when x ¢ dom(f), and since here dom(f) = C, we
see that f(z) = & when © & C. Let now = € C. A vector d is a subgradient of
f at z if and only if

d(z—z) < f(2), VzeR"

Because f(z) = oo for all z € C, the preceding relation always holds when z & C,
so the points z € C can be ignored. Thus, d € 9f(x) if and only if

d'(z—z) <0, VzeC.

Since C is convex, by Prop. 4.6.3, the preceding relation is equivalent to d &€
N¢(z), implying that df(xz) = N¢(z) for all z € C.

4.5
Show that for a scalar convex function f :  — R, we have

of(x)={d| f (z) <d< ft(x)}, VzeR

Solution: When f is defined on the real line, by Prop. 4.2.1, 9f(x) is a compact
interval of the form

of(z) = e, 4.
By Prop. 4.2.2, we have

f(zy) = derg%)y'd VyeR",

from which we see that
f@l)=a,  f(z-1)=4.

Since

we have



4.6

Let f : R" — R be a convex function, and let  and y be given vectors in R".
Consider the scalar function ¢ : & — R defined by ¢(t) = f(t:c +(1- t)y) for all
t € R, and show that
Op(t) ={(z—y)d|deof(tz+(1-1t)y)}, VtieR

Hint: Apply the Chain Rule [Prop. 4.2.5(a)].
Solution: We can view the function

o(t) = f(tz+ (1 —t)y), teRr
as the composition of the form

p(t) = f(g9(t), teR,
where g(t) : ® — R" is an affine function given by
g(t) =y +tlxz —y), teRn.

By using the Chain Rule [Prop. 4.2.5(a)], where A = (z — y), we obtain

dp(t) = A'0f(g(1)), VieR,
or equivalently

op(t) = {(@—y)d|dedf(tz+(1—-1ty)}, VieR

4.7

Let f: R" — R be a convex function, and let X be a nonempty bounded subset
of R". Show that f is Lipschitz continuous over X, i.e., that there exists a scalar
L such that

|[f(z) = fW)| <Llz—yl, VazyeX.
Show also that

fllamy) <Ly, VYzeX, VyeR™
Hint: Use the boundedness property of the subdifferential (Prop. 4.2.3).

Solution: Let z and y be any two points in the set X. Since 9f(z) is nonempty,
by using the subgradient inequality, it follows that

f@)+d(@—y) < fly), Vdedf(w),

7



implying that
fe) = fy) <ldll - [le—yll,  Vdedfx)

According to Prop. 4.2.3, the set Uzexdf(x) is bounded, so that for some con-
stant L > 0, we have

ld| <L, Vdedf(z), VzeX, (4.1)

and therefore,

f@) = fy) <L flz—yll.

By exchanging the roles of x and y, we similarly obtain
f(y) = @) < L flz =y,

and by combining the preceding two relations, we see that
|f(@) = f)| < L e =y,

showing that f is Lipschitz continuous over X.
Also, by using Prop. 4.2.2(b) and the subgradient boundedness [Eq. (4.1)],
we obtain

! / 7
r;y) = max dy < max |d]- <L , VeeX, VyeR".
floi) = max dy< max fdl- ol < I o] y

4.8 (Nonemptiness of Subdifferential)

Let f : " — (—00,00] be a proper convex function, and let = be a vector in
dom(f). Show that Of(z) is nonempty if and only if f'(x;2z — x) is finite for all
z € dom(f).

Solution: Suppose that df(z) is nonempty, and let z € dom(f). By the defini-
tion of subgradient, for any d € df(x), we have

f(z+a(z—2)) - f(2)

[e%

>d(z—x), YV a >0,

implying that

Flaz—a) = g JEFOEZD) @)

>d'(z —x) > —c0.
a>0 «

Furthermore, for all a € (0, 1), and z, z € dom(f), the vector z+ a(z—x) belongs
to dom(f). Therefore, for all a € (0, 1),

fz+alz—2)) - f(2)

(0%

< 00,



implying that
f(z;2 — ) < 0.

Hence, f'(z;z — z) is finite.
Converseley, suppose that f'(z;z — ) is finite for all z € dom(f). Fix a
vector T in the relative interior of dom(f). Consider the set

C={(z,v) | z € dom(f), f(x) + f'(x;2 — z) < v},
and the halfline

P={(u,Q)|u=z+pF 1), (= f(z) +Bf (x;7 —x), B>0}.

By Exercise 4.1(b), the directional derivative function f’(x;-) is convex, implying
that f’'(z;z — x) is convex in z. Therefore, the set C is convex. Furthermore,
being a halfline, the set P is polyhedral.

Suppose that C' and P have a point (z,7) in common, so that we have

z € dom(f), f@)+ f(x;2 —x) <y, (4.2)

z=z+BF—x), v=[f(z)+6f(;7— ),

for some scalar 3 > 0. Because Bf (x;y) = f'(z;B8y) for all 3> 0 and y € R
[see Exercise 4.1(a)], it follows that

v=f@)+ f (28— 1x)) = f() + (252 — 2),

contradicting Eq. (4.2), and thus showing that C' and P do not have any common
point. Hence, ri(C') and P do not have any common point, so by the Polyhedral
Proper Separation Theorem (Prop. 3.5.1), the polyhedral set P and the convex
set C can be properly separated by a hyperplane that does not contain C, i.e.,
there exists a vector (a,v) € R"™* such that

dz 4w >d (2+ @ ) +y(f(2) +Bf (137 —x)), V(2v)€C, V20,

(4.3)

inf {a'z+yv} < sup {a'z+ v}, 4.4

(z,v)GC{ 7 } (z,u)GC{ 7 } (4.4)

We cannot have v < 0 since then the left-hand side of Eq. (4.3) could be made

arbitrarily small by choosing v sufficiently large. Also if v = 0, then for § = 1,
from Eq. (4.3) we obtain

a'(z—7) >0, V z € dom(f).
Since T € ri(dom(f))7 we have that the linear function a'z attains its minimum
over dom(f) at a point in the relative interior of dom(f). By Prop. 1.4.2, it
follows that a'z is constant over dom(f), i.e., a’z = a'Z for all z € dom(f),
contradicting Eq. (4.4). Hence, we must have v > 0 and by dividing with ~ in
Eq. (4.3), we obtain
@z4+v>d(z+BE—2)+ f(@)+Bf (;7—2), V(:,v)€C, VB0,

9



where @ = a/v. By letting 3 =0 and v | f(z)+ f'(z; 2 — ) in this relation, and
by rearranging terms, we have

f(z;2 —2) > (—a)'(z — z), V z € dom(f).
Because

F)— @) = Flo+(oma)) — @) 2 inf He Az -o) — f@) _ Flaie ),

T A>0 A

it follows that
f(z) = fx) > (=)' (z —x), V¥ z € dom(f).
Finally, by using the fact f(z) = oo for all z ¢ dom(f), we see that
)= f@) > () (2 —2), VzeR",

showing that —a is a subgradient of f at z and that df(z) is nonempty.

4.9 (Subdifferential of Sum of Extended Real-Valued Functions)

This exercise is a refinement of Prop. 4.2.4. Let f; : R" +— (—o0,00],i=1,...,m,
be convex functions, and let f = f1 +--- 4+ fn,. Show that

Ofi(x) + -+ Ofm(x) COf(x), VaxeR"

Furthermore, if

ﬂ’lnzlri(dom(fi)) #+ 0,

then
Ofi(z) + -+ Ofm(x) = 0f (), VzeR"

In addition, if the functions f;, i = r 4+ 1,...,m, are polyhedral, the preceding
relation holds under the weaker assumption that

(m;.":l ri(dom(fi))) N (N dom(fy)) # 0,  YzeR"
Solution: It will suffice to prove the result for the case where f = f1 + fo. If
dy € 3f1(x) and dz € Of2(z), then by the subgradient inequality, it follows that

fi(2) > fi(z) + (z — x)'dy, Yz,

f2(2) = o) + (2 —2)'da, V2,

so by adding these inequalities, we obtain
f(z) > f(x)+ (2 — ) (d1 + d2), v z.

10



Hence, di + d2 € 9f(x), implying that df1(z) + 0f2(x) C Of(x).
Assuming that ri (dom(fl)) and ri (dom(fl)) have a point in common, we
will prove the reverse inclusion. Let d € 0f(z), and define the functions

a(y) = filz+y) — fi(z) —dy, vy,

g2(y) = fa(z +y) — fao(z), vy

Then, for the function g = g1 + g2, we have g(0) = 0 and by using d € 9f(z), we
obtain

9(y)=flz+y)— flx)—dy>0, Vy. (4.5)

Consider the convex sets

Cr={(y,p) e R |y € dom(q1), > g1(y)},

Co = {(u,v) € R"™ |u € dom(ga), v < —ga(y)},

and note that
ri(Ch) = {(y, ) € R""" |y € ri(dom(g1)), n>g1(y)},

ri(C) = {(u, vye R jue ri(dom(gz)), v< —gz(y)}.
Suppose that there exists a vector (§, 1) € ri(Ch) Nri(C2). Then,

g1(9) < o < —g2(9),

yielding
9(H) = 91(9) + 92(9) <0,

which contradicts Eq. (4.5). Therefore, the sets ri(C1) and ri(C2) are disjoint,
and by the Proper Separation (Prop. 2.4.6), the two convex sets C1 and C2 can
be properly separated, i.e., there exists a vector (w,~) € R such that

inf {w'y+yu}> sup {w'u+yv} (4.6)
(y,n)€CT (u,v)ECH

sup {w'y+yu} > inf {wu+qvl.
(y,m)eCy (w,v)€Cy
We cannot have v < 0, because by letting ;1 — oo in Eq. (4.6), we will obtain a
contradiction. Thus, we must have v > 0. If v = 0, then the preceding relations
reduce to
inf wy> sup wu,

yEdom(gq) u€dom(ga)
sup w'y> inf wwu,
yedom(gq) ucdom(gg)
which in view of the fact

dom(g1) = dom(f1) — x, dom(gz2) = dom(f2) — x,

11



imply that dom(f1) and dom(f2) are properly separated. But this is impossible
since ri(dom(fl)) and ri(dom(fl)) have a point in common. Hence v > 0, and
by dividing in Eq. (4.6) with v and by setting b = w/~, we obtain

. / /
(yakltr)lgcﬁ {b vt M} S (u,sul)lg(}z{b "t V}'

Since g1(0) = 0 and ¢2(0) = 0, we have (0,0) € C1 N Cs, implying that
Vy+p>0>butv, V(yp) €l V(uv)eCl
Therefore, for 4 = g1(y) and v = —g2(u), we obtain

gi(y) > =by,  Vyedom(q),

g2(u) > by, YV u € dom(gz),

and by using the definitions of g1 and g2, we see that
filz +y) > fi(z) + (d—b)'y, for all y with  + y € dom(f1),

fo(x +u) > fo(x) + b'u, for all u with z + u € dom(f2).

Hence,
fi(z) > fi(z) + (d = b)'(z — x), V z,

f(2) = fo(@) + V(2 —2), V2,

so that d — b € 0f1(z) and b € df2(x), showing that d € 9f1(z) + Of2(x) and
0f () C Ofi(x) + Ofo(a).

When some of the functions are polyhedral, we use a different separation
argument for C7 and Cs. In particular, since the sum of polyhedral functions is
a polyhedral function (see Exercise 3.12), it will still suffice to consider the case
m = 2. Thus, let f; be a convex function, and let f2 be a polyhedral function
such that

ri(dom(fl)) Ndom(f2) # @.

Then, in the preceding proof, g2 is a polyhedral function and Cs is a polyhedral
set. Furthermore, ri(C1) and C> are disjoint, for otherwise we would have for
some (g, ft) € ri(C1) N Cq,

91(H) < it < —g2(9),
implying that g(§) = g1(%) + g2(9) < 0 and contradicting Eq. (4.5). Therefore,
by the Polyhedral Proper Separation Theorem (Prop. 3.5.1), the convex set Ci

and the polyhedral set C> can be properly separated by a hyperplane that does
not contain C1, i.e., there exists a vector (w,v) € "' such that

oo Lyt mk 2 o (W),

12



inf {w'y+yut < sup {wy+yul.
(y’“)ecl{ } (y,u)ecl{ }
We cannot have v < 0, because by letting ;1 — oo in the first of the preceding
relations, we will obtain a contradiction. Thus, we must have v > 0. If v = 0,
then the preceding relations reduce to

inf wy> sup wu,

yEedom(gy) u€dom(gg)

. ! /
inf wy< sup wy.
yedom(gy) yEdom(gy)

In view of the fact
dom(g1) = dom(f1) — =, dom(g2) = dom(f2) — =z,

it follows that dom(f1) and dom(f2) are properly separated by a hyperplane that
does not contain dom(f1), while dom(f2) is polyhedral since f> is polyhedral [see
Prop. 3.2.3). Therefore, by the Polyhedral Proper Separation Theorem (Prop.
3.5.1), we have that ri (dom(fl)) Ndom(f2) = &, which is a contradiction. Hence
~v > 0, and the remainder of the proof is similar to the preceding one.

4.10 (Chain Rule for Extended Real-Valued Functions)

This exercise is a refinement of Prop. 4.2.5(a). Let f : R™ +— (—o0,00] be a
convex function, and let A be an m X n matrix. Assume that the range of A
contains a point in the relative interior of dom(f). Then, the subdifferential of
the function F', defined by

F(z) = f(Az),

is given by

OF (z) = A'0f (Ax).

Solution: We note that dom(F') is nonempty since in contains the inverse image
under A of the common point of the range of A and the relative interior of dom(f).
In particular, F' is proper. We fix an z in dom(F). If d € A’0f(Axz), there exists
a g € Of(Ax) such that d = A’g. We have for all z € R™,

F(z) = F(z) = (z — @)'d = f(Az) — f(Az) — (z — 2)'A'g
= f(Az) — f(Az) — (Az — Ax)'g
>0,

where the inequality follows from the fact g € df(Axz). Hence, d € OF(z), and
we have A’0f(Az) C OF (z).

We next show the reverse inclusion. By using a translation argument if
necessary, we may assume that x = 0 and F(0) = 0. Let d € 9F(0). Then we
have

F(z)—2'd>0, VzeR",

13



or
f(Az2) —2'd >0, VzeR",

or

f(y)izldz(h VZE%nay:Az7

or
H(y,z) >0, VzeR" y=Az

where the function H : R™ x R" — (—o00, oo] has the form

H(y,z) = f(y) - 2d.
Since the range of A contains a point in ri (dom(f)), and dom(H) = dom(f)xR",
we see that the set {(y7 z) € dom(H) |y = Az} contains a point in the relative

interior of dom(H). Hence, we can apply the Nonlinear Farkas’ Lemma [part (b)]
with the following identification:

IE:(y,Z), O:dom(H)7 gl(yvz):Az_ya g2(y7z):y_Az
In this case, we have
{:v e€C|gi(z) <0, ga2(z) < O} = {(y,z) €dom(H) | Az —y = 0}.

As asserted earlier, this set contains a relative interior point of C', thus implying
that the set

Q" ={n>0|H(y,2) + prg1(y; 2) + page(y, 2) > 0, ¥ (y, 2) € dom(H)}
is nonempty. Hence, there exists (w1, p2) such that
fly) = Z'd+ (m — p2)' (Az —y) 20,V (y,2) € dom(H).
Since dom(H) = R™ x R", by letting A = u1 — p2, we obtain
fly) —2'd+ N(Az—y) >0, VyeR™, zeR",
or equivalently
Fly) > Ny+2'(d— A'N), VyeR™, zeR".
Because this relation holds for all z, we have d = A’ implying that
fly) =Xy, VyeRr™,

which shows that A € 9f(0). Hence d € A’9f(0), thus completing the proof.

14



4.11

Let f : R™ — R be a convex function, and let X be a bounded subset of R".
Show that for all € > 0, the set Uyex 9. f(x) is bounded.

Solution: Suppose that the set Ugze x9e f(x) is unbounded for some € > 0. Then,
there exist a sequence {zx} C X, and a sequence {dj} such that di € 0. f(z) for
all k and ||dg|| — oco. Without loss of generality, we may assume that dj # 0 for
all k, and we denote yr = di/||dk||. Since both {z} and {yx} are bounded, they
must contain convergent subsequences, and without loss of generality, we may
assume that xp converges to some z and y; converges to some y with |ly|| = 1.
Since di, € O f(xx) for all k, it follows that

f@r +yr) > flor) + diyr — e = far) + ||di] — €.

By letting k — oo and by using the continuity of f, we obtain f(z + y) = oo, a
contradiction. Hence, the set Uzex Oc f(z) must be bounded for all € > 0.

4.12
Let f: R" — R be a convex function. Show that for all z € R", we have

Ne>00e f(x) = Of (x).

Solution: Let d € Jf(z). Then, by the definitions of subgradient and e-
subgradient, it follows that for any € > 0,

f@) > f@)+dy—=z)>flz)+d(y—z)—¢  VyeR,

implying that d € 9. f(x) for all € > 0. Therefore d € Nes00. f(z), showing that
Of(z) C NesoOe f(z).
Conversely, let d € O, f(z) for all € > 0, so that

By letting € | 0, we obtain
fy) = f@)+dy—z), VyeR",

implying that d € df(z), and showing that Nes00. f(z) C df(x).
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4.13 (Continuity Properties of e-Subdifferential [Nur77])

Let f: R" — R be a convex function and let € be a positive scalar. Show that
for every x € R", the following hold:

(a) If a sequence {zx} converges to x and dr € Ocf(xy) for all k, then the
sequence {di} is bounded and each of its limit points is an e-subgradient
of f at x.

(b) If d € O f(x), then for every sequence {x} converging to x, there exists a
subsequence {d }x converging to d with dj € J.f(zy) for all k € K.

Solution: (a) By the e-subgradient definition, we have for all k,
f) > f@) +di(y—2) —e,  VyeR"

Since the sequence {z} is bounded, by Exercise 4.11, the sequence {di} is also
bounded and therefore, it has a limit point d. Taking the limit in the preceding
relation along a subsequence of {d} converging to d, we obtain

showing that d € 0. f(z).
(b) First we show that

l(Un<s<cds f(2)) = 0cf(a). (4.7)

Let d € 95 f(z) for some scalar ¢ satisfying 0 < 6 < e. Then, by the definition of
e-subgradient, we have

f) =2 f@)—dy—2) 6= fla)—d(y—z)—¢  VyeR",
showing that d € 0. f(z). Therefore,
(95f(.1‘) c 86f(x)7 Vée (07 6)7 (48)

implying that
Uo<s<eOs f(x) C O f ().

Since O.f(x) is closed, by taking the closures of both sides in the preceding
relation, we obtain

l(Uo<s<cds f(x)) C Ocf(a).

Conversely, assume to arrive at a contradiction that there is a vector d €
O f(x) with d ¢ cl(U0<5<€85f(x)). Note that the set Up<s<cs f(z) is bounded
since it is contained in the compact set 9 f(x). Furthermore, we claim that
Uo<s<c0s f(x) is convex. Indeed if di and d2 belong to this set, then d1 € 0s, f(x)
and do € 05, f(x) for some positive scalars §; and d2. Without loss of generality,
let 61 < d2. Then, by Eq. (4.8), it follows that d1,d2 € 0s, f(x), which is a convex
set by Prop. 4.3.1(a). Hence, Ad1 + (1 —\)dz2 € 0Os, f(x) for all X € [0, 1], implying
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that Ady + (1 — X)d2 € Up<s<c0s f () for all A € [0, 1], and showing that the set
Uo<s<eOs f () is convex.

The vector d and the convex and compact set CI(U0<5<€85f(x)) can be
strongly separated (see Exercise 2.17), i.e., there exists a vector b € ®" such that

b'd > max b'g.
g€el(Ugescd5f(@))

This relation implies that for some positive scalar 3,

b'd > max )b'g—i— 20, vV § € (0,€).

g€9s f(x
By Prop. 4.3.1(a), we have

flz+ab)— f(z)+46

inf = max by,
a>0 o g€ds f(x)
so that . 5
Ud>n%f@+a);f@y+ +28, V6 0<éd<e
a>

Let {dx} be a positive scalar sequence converging to e. In view of the preceding
relation, for each dj, there exists a small enough ay > 0 such that

agb'd > f(x + ard) — f(x) + dk + 5. (4.9)
Without loss of generality, we may assume that {ax} is bounded, so that it

has a limit point @ > 0. By taking the limit in Eq. (4.9) along an appropriate
subsequence, and by using dx — €, we obtain

ab'd > f(x+ab) — f(z) +e+ B

If @ = 0, we would have 0 > e + (3, which is a contradiction. If @ > 0, we would
have
ab'd+ f(x) —e> f(x+ab),

which cannot hold since d € 9. f(z). Hence, we must have

Oc f(x) C cl(Uo<s<cds f (),

thus completing the proof of Eq. (4.7).

We now prove the statement of the exercise. Let {zx} be a sequence con-
verging to . By Prop. 4.3.1(a), the e-subdifferential 0. f(z) is bounded, so that
there exists a constant L > 0 such that

lgll <L,  Vgeodf(x).

Let
o= |f(@) = F@)] + L lax—all, V. (4.10)
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Since xr — x, by continuity of f, it follows that yx — 0 as k — o0, so that
€r = € — y, converges to e. Let {k;} C {0,1,...} be an index sequence such that
{ex;} is positive and monotonically increasing to €, i.e.,

€k, Te with €k; = €— Tk, >0, €, < €kiy1s Y i.
In view of relation (4.7), we have
cl(Uizo Oekif(a:)) = 0.f(2), (4.11)

implying that for a given vector d € 0. f(x), there exists a sequence {dy,} such
that
dp;, — d with dg, € O, f(z), Vi. (4.12)

There remains to show that di, € O.f(zx,) for all i. Since di; € O, f(z),
it follows that for all ¢ and y € R",

F) = f(2) + di (= 2) — e,
= f(mkz) + (f(l') - f(xkl)) + d;cz (y - xkl) + d;cz (xkl - :L') — €k,
> flaon) + diyy = 2n,) = (| £(2) = flang) [ +]dh o, — )] + e, )-

(4.13)
Because di, € O f(z) [cf. Egs. (4.11) and (4.12)] and 9. f(x) is bounded, there
holds
|d;n(xkz — :c)’ <L ||zg, — x|

Using this relation, the definition of ~y, [cf. Eq. (4.10)], and the fact e, = € — v
for all k, from Eq. (4.13) we obtain for all ¢ and y € R",

f(y) > f(xkz) + d;c,b(y - 33)%) - (’Yk-; + eki) = f(l’k,b) + d;cz(y - xkz) — €
Hence dy, € Ocf(xx;) for all 4, thus completing the proof.

4.14 (Subgradient Mean Value Theorem)

(a) Scalar Case: Let ¢ : R — R be a scalar convex function, and let a and b
be scalars with a < b. Show that there exists a scalar t* € (a, b) such that

ZUET O

Hint: Show that the scalar convex function

has a minimum ¢* € (a,b), and use the optimality condition 0 € dg(t*).
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(b) Vector Case: Let f : R" — R be a convex function, and let  and y be
vectors in R™. Show that there exist a scalar a € (0,1) and a subgradient
de af(ax +(1- a)y) such that

fy) = fz) +d'(y — ).
Hint: Apply part (a) to the scalar function p(t) = f(ta: +(1- t)y), teRn.

Solution: (a) Scalar Case: Define the scalar function g : ® — R by

o(t) = o(t) — pla) ~ LU =2y

and note that g is convex and g(a) = g(b) = 0. We first show that g attains its
minimum over R at some point ¢t* € [a,b]. For t < a, we have

bfat+a7t
b—t b—t

b,

a =

and by using convexity of g and g(a) = g(b) = 0, we obtain

b—a a—t b—a
=90+ —9(b) = 3 —9(0),

0=g(a) <

implying that g(t) > 0 for ¢ < a. Similarly, for ¢ > b, we have

_b—at+t—b
T t—a t—a

b

a,

and by using convexity of g and g(a) = g(b) = 0, we obtain

b—a t—b . t—b

0=g(b) < g(t) + g(a)

g(t),

t—a t—a t—a
implying that g(¢t) > 0 for ¢ > b. Therefore g(¢t) > 0 for ¢t ¢ (a,b), while
g(a) = g(b) = 0. Hence
i t) = mi t). 4.14
min g(t) tgm]g( ) (4.14)
Because g is convex over R, it is also continuous over R, and since [a, b] is compact,
the set of minimizers of g over [a,b] is nonempty. Thus, in view of Eq. (4.14),
there exists a scalar t* € [a, b] such that g(¢") = min;ex g(t). If t* € (a,b), then
we are done. If t* = a or t* = b, then since g(a) = ¢(b) = 0, it follows that
every t € [a,b] attains the minimum of g over R, so that we can replace t* by a
point in the interval (a,b). Thus, in any case, there exists t* € (a,b) such that
g(t") = mingen g(t).
We next show that



The function g is the sum of the convex function ¢ and the linear (and therefore
smooth) function 7% (t—a). Thus the subdifferential of dg(¢*) is the sum

of the sudifferential of dp(t*) and the gradient 7% (see Prop. 4.2.4),

w(b) — w(a)'

dg(t") = Dp(t") — L2 —F

Since t* minimizes g over R, by the optimality condition, we have 0 € 9g(t*).
This and the preceding relation imply that

©(b) — p(a)

A € dp(t").

(b) Vector Case: Let = and y be any two vectors in R". If x = y, then
fly) = f(z) + d'(y — =) trivially holds for any d € f(x), and we are done. So
assume that x # y, and consider the scalar function ¢ given by

w(t) = f(=), ze =tx + (1 —t)y, teR.
By part (a), where a = 0 and b = 1, there exists a € (0,1) such that
p(1) = #(0) € Ip(a),
while by Exercise 4.6, we have
dp(a) = {d'(x—y) |d€ df(xa)}.
Since (1) = f(z) and ©(0) = f(y), we see that
f@) = f(y) € {d'(x —y) | d € If (wa) }.

Therefore, there exists d € 8f(xa) such that f(y) — f(z) =d'(y — ).

4.15 (Steepest Descent Direction of a Convex Function)

Let f: R" — R be a convex function and let x be a vector in ™. Show that a
vector d is the vector of minimum norm in 0f(x) if and only if either d = 0 or
else d/||d|| minimizes f’(x;d) over all d with ||d|| < 1.

Solution: Note that the problem statement in the book contains a typo: d/||d||
should be replaced by —d/||d||.

The sets {d |l < 1} and Of(x) are compact, and the function ¢(d, g) =
d'g is linear in each variable when the other variable is fixed, so that ¢(-,g) is
convex and closed for all g, while the function —¢(d, -) is convex and closed for
all d. Thus, by Prop. 2.6.9, the order of min and max can be interchanged,

min max d'g= max min d’
lldll <1 gedf(x) g€df (=) ld]|<1
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and there exist associated saddle points.
By Prop. 4.2.2, we have f'(z;d) = maxgeaf(z) d'g, 0

min max d'g= min f'(z;d). 4.15
2 25 9 = e (3d) (4.15)
We also have for all g,
min d'g = —||g|l,
min d'g = [g]
and the minimum is attained for d = —g/||g||. Thus

max min d'g= max (— — — min ) 416
oe0f(x) lal<1 " I geaf(z)( lgl) geaf(z)llg\l (4.16)

From the generic characterization of a saddle point (cf. Prop. 2.6.1), it follows
that the set of saddle points of d’g is D* x G*, where D* is the set of minima
of f'(z;d) subject to ||d|| < 1 [cf. Eq. (4.15)], and G* is the set of minima of
llgl| subject to g € Of(x) [cf. Eq. (4.16)], i.e., G* consists of the unique vector g*
of minimum norm on Jf(z). Furthermore, again by Prop. 2.6.1, every d* € D*
must minimize d'g* subject to ||d|| < 1, so it must satisfy d* = —g* /||g*||.

4.16 (Generating Descent Directions of Convex Functions)

This exercise provides a method for generating a descent direction in circum-
stances where obtaining a single subgradient is relatively easy.

Let f : R" — R be a convex function, and let « be a fixed vector in £".
A vector d € R" is said to be a descent direction of f at z if the corresponding
directional derivative of f satisfies

f'(z;d) < 0.
Assume that z does not minimize f, and let g1 be a subgradient of f at
x. For k =2,3,..., let wi be the vector of minimum norm in the convex hull of
gis---59k—1,
wy = arg min llgll-

g€conv{gy,....g_1}

If —wy, is a descent direction of f at x, then stop; else let gi be a vector in df(x)
such that
/ . /
kW = min g wg.
g gEaf(I)g
Show that this process terminates in a finite number of steps with a descent
direction of f at x. Hint: If —wy is not a descent direction, then g;'w; >
llwi]|> > llg*||> > 0 for all i = 1,...,k — 1, where g* is the subgradient of f at x
with minimum norm, while at the same time gp’wy < 0. Consider a limit point

of {(wk,gk)}.

Solution: Suppose that the process does not terminate in a finite number of
steps, and let {(wk,gk)} be the sequence generated by the algorithm. Since wg
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is the projection of the origin on the set conv{gi,...,gx—1}, by the Projection
Theorem (Prop. 2.2.1), we have

(9 —wi)wr >0,  Vgeconv{gy,...,gk-1},
implying that
giwg > |lwel)®> > lg*II> >0, Vi=1,....,k—1, Vk>1, (4.17)

where g* € 9f(x) is the vector with minimum norm in df(z). Note that ||g*|| > 0
because = does not minimize f. The sequences {wy} and {gx} are contained in
df(x), and since Of(x) is compact, {wx} and {gx} have limit points in df(x).
Without loss of generality, we may assume that these sequences converge, so that
for some W, § € 9f(x), we have

lim Wr = ﬁ), lim gk = g,
k— o0 k— o0

which in view of Eq. (4.17) implies that '@ > 0. On the other hand, because
none of the vectors (—wy,) is a descent direction of f at x, we have f'(z; —ws) > 0,
so that

ge(—wy) = max g'(—wy) = f'(z; —wg) > 0.
geof(x)

Al A Al A

By letting k — oo, we obtain §'w < 0, thus contradicting g'w > 0. Therefore,
the process must terminate in a finite number of steps with a descent direction.

4.17 (Generating e-Descent Directions of Convex Functions [Lem74])

This exercise shows how the procedure of Exercise 4.16 can be modified so that
it generates an e-descent direction.

Let f : R™ — R be a convex function, and let = be a fixed vector in R™.
Assume that z is not an e-minimizer of the function f, i.e., f(z) > inf,cxn f(2)+
€, and let g1 be an e-subgradient of f at x. For k = 2,3,.. ., let wi be the vector
of minimum norm in the convex hull of g1,..., gr—1,

wy = arg min llgll-
geconv{gy,..., gk—l}

By a search along the direction —wy, determine whether there exists a scalar @
such that f(z —awi) < f(z) —e. If such an @ exists, then stop (—wy is an
e-descent direction of f at z); otherwise, let gx be a vector in dc f(z) such that

’ . /
gk Wk = mimn g wg.
g€e f(x)

Show that this process will terminate in a finite number of steps with an e-descent
direction of f at x.

Solution: Suppose that the process does not terminate in a finite number of
steps, and let {(wk,gk)} be the sequence generated by the algorithm. Since wg
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is the projection of the origin on the set conv{gi,...,gx—1}, by the Projection
Theorem (Prop. 2.2.1), we have

(g — wi) wi >0, Y g € conv{gi,...,gk-1},
implying that
giw > |lwel®> > 91> >0, Vi=1,....,k—1, Yk>1, (4.18)

where g* € O.f(x) is the vector with minimum norm in 9f(z). Note that
[lg*]] > 0 because z is not an e-optimal solution, i.e., f(z) > inf,exn f(2) + € [see
Prop. 4.3.1(b)]. The sequences {wy} and {gr} are contained in 0. f(z), and since
O f(x) is compact [Prop. 4.3.1(a)], {wi} and {gx} have limit points in 9. f(z).
Without loss of generality, we may assume that these sequences converge, so that
for some W, § € 9¢ f(x), we have

lim wg =, lim gx = g,
k—oco k— o0

which in view of Eq. (4.18) implies that g’ > 0. On the other hand, because
none of the vectors (—wy) is an e-descent direction of f at x, by Prop. 4.3.1(a),
we have

. —awi) — f(z) +e
e _ " _inf f(z wi) — f(x) >0
g(—wr) gég?z(z)g (—ww) 30 o

By letting k — oo, we obtain §’i < 0, thus contradicting §’w > 0. Hence, the
process must terminate in a finite number of steps with an e-descent direction.

4.18

For the following subsets C' of R", specify the tangent cone and the normal cone
at every point of C.

(a) C is the unit ball.
(b) C is a subspace.

(c) C is a closed halfspace, i.e., C = {z | o’z < b} for a nonzero vector a € R"
and a scalar b.

(d) C={z|z;>0, iel}withlC{l,...,n}.
Solution: (a) For z € int(C), we clearly have Fc(z) = R", implying that
Te(z) =R".
Since C' is convex, by Prop. 4.6.3, we have
Ne(z) = Te(z)" = {0}.
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For z € C with = ¢ int(C), we have ||z|| = 1. By the definition of the set
Fc(z) of feasible directions at x, we have y € Fo(x) if and only if z + ay € C
for all sufficiently small positive scalars «. Thus, y € Fe(z) if and only if there
exists @ > 0 such that ||z + ay||* < 1 for all @ with 0 < a < @, or equivalently

ol + 202"y + a?yl? <1, Ve, 0<a<a
Since ||z|| = 1, the preceding relation reduces to

22"y + ally|® < 0. Va, 0<a<a.

This relation holds if and only if y = 0, or 2’y < 0 and a < —22"y/||y|]? (i.e.,
a = —22"y/|ly||*). Therefore,

Feo(z) = {y |2’y < 0} U {0}.
Because C' is convex, by Prop. 4.6.2(c), we have Tc(z) = cl(Fc(:c))7 implying

that
Te(z) = {y |2y < 0}.

Furthermore, by Prop. 4.6.3, we have N¢(z) = Tc(x)*, while by the Farkas’
Lemma [Prop. 3.2.1(b)], Te(z)" = cone({ac})7 implying that

Ne(z) = cone({m}) )

(b) If C is a subspace, then clearly Fe(z) = C for all z € C. Because C' is convex,
by Props. 4.6.2(a) and 4.6.3, we have

Te(z) = cl(Fc(ac)) =C, Ne(z) = Te(z)" = CF, VaeC.

(c) Let C be a closed halfspace given by C' = {1: | o'z < b} with a nonzero vector
a € R" and a scalar b. For z € int(C), i.e., a’z < b, we have Fc(z) = R" and
since C' is convex, by Props. 4.6.2(a) and 4.6.3, we have

Te(z) = cl(Fc(x)) =R", Ne¢(z) =Te(z)" = {0}.

For z € C with z ¢ int(C), we have a’z = b, so that x + ay € C for some
y € R" and o > 0 if and only if a’y < 0, implying that

Fo(z) = {y|d'y <0}.
By Prop. 4.6.2(a), it follows that
Te(x) = cl(Fc(q:)) = {y |a'y < 0},
while by Prop. 4.6.3 and the Farkas’ Lemma [Prop. 3.2.1(b)], it follows that
Ne(z) =Te(z)" = cone({a}).
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(d) For z € C with = € int(C), i.e., z; > 0 for all ¢ € I, we have Fo(xz) = R".
Then, by using Props. 4.6.2(a) and 4.6.3, we obtain

Te(z) = cl(Fc(m)) =R", Ne(z) = Te(z)" = {0}.

For z € C with z ¢ int(C), the set A, = {¢ € I | ; = 0} is nonempty.
Then, z+ ay € C for some y € R™ and o > 0 if and only if y; < 0 for all s € A,,
implying that

Fo(z)={y|y: <0, Vi€ A}

Because C' is convex, by Prop. 4.6.2(a), we have that
Te(z) = cl(Fc(:r)) ={yly: <0, Vie A},
or equivalently
To(z)={y|y'e:<0, Vi€ A},

where e; € R" is the vector whose ith component is 1 and all other components
are 0. By Prop. 4.6.3, we further have N¢(x) = Tc(x)*, while by the Farkas’
Lemma [Prop. propforea(b)], we see that T (z)* = cone ({ei | i€ Ax}), implying
that

Ne(z) = cone({ei | i€ AI})

4.19

Let C be a convex subset of R, and let  be a vector in C. Show that the
following properties are equivalent:

(a) = lies in the relative interior of C'.

(b) Tc(x) is a subspace.

(¢) Nc¢(z) is a subspace.
Solution: (a) = (b) Let = € ri(C') and let S be the subspace that is parallel to
aff(C). Then, for every y € S, x + ay € ri(C) for all sufficiently small positive
scalars «, implying that y € Fo(x) and showing that S C Fco(x). Furthermore,
by the definition of the set of feasible directions, it follows that if y € Fc(z), then
there exists @ > 0 such that 2+ ay € C for all a« € (0,a]. Hence y € S, implying

that Fo(x) C S. This and the relation S C Fe(z) show that Fe(z) = S. Since
C' is convex, by Prop. 4.6.2(a), it follows that

To(z) = cl(Fe(z)) = S,

thus proving that Tc(z) is a subspace.

(b) = (c) Let Tc(x) be a subspace. Then, because C is convex, from Prop. 4.6.3
it follows that
Ne(@) = Te(2)" = Te(2),

showing that N¢(z) is a subspace.
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(c) = (a) Let Nco(z) be a subspace, and to arrive at a contradiction suppose that
x is not a point in the relative interior of C. Then, by the Proper Separation
Theorem (Prop. 2.4.5), the point = and the relative interior of C' can be properly
separated, i.e., there exists a vector a € R" such that

supa'y < a'z, (4.19)
yel
inf a'y < supa’y. (4.20)
yec yeC
The relation (4.19) implies that
(—a)(x—y) <0, Vyel. (4.21)

Since C' is convex, by Prop. 4.6.3, the preceding relation is equivalent to —a €
Tco(x)*. By the same proposition, there holds Neo(x) = Te(z)*, implying that
—a € N¢(z). Because N¢(z) is a subspace, we must also have a € N¢(z), and
by using

Ne(z) =Te(x)" = {z | 2'(x —y) <0, Vyc C’}

(cf. Prop. 4.6.3), we see that

a'(z—y) <0, VyecC.
This relation and Eq. (4.21) yield

a'(z—y) =0, VyeC,

contradicting Eq. (4.20). Hence, z must be in the relative interior of C.

4.20 (Tangent and Normal Cones of Affine Sets)

Let A be an m x n matrix and b be a vector in ™. Show that the tangent cone
and the normal cone of the set {z | Az = b} at any of its points are the null
space of A and the range space of A’, respectively.
Solution: Let C' = {z | Az = b} and let « € C be arbitrary. We then have
Fo(z) ={y | Ay =0} = N(4),
and by using Prop. 4.6.2(a), we obtain
To(z) = cl(Fo(z)) = N(A).

Since C is convex, by Prop. 4.6.3, it follows that

Ne(z) = To(z)" = N(A)*F = R(A).
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4.21 (Tangent and Normal Cones of Level Sets)

Let f : R™ — R be a convex function, and let = be a vector in R" such that
the level set {z | f(z) < f (m)} is nonempty. Show that the tangent cone and

the normal cone of the level set {z | f(z) < f (x)} at the point x coincide with

{y | fl(z5y) < 0} and cl(cone (af(x))), respectively. Furthermore, if z does not
minimize f over R", the closure operation is unnecessary.

Solution: Let
C={z]f(z) < fl@)},

and consider Fc(x), the cone of feasible directions of C' at x. We first show that

A(Fe (@) = {u | () <0},

Let § € Fo(x) be arbitrary. Then, by the definition of Fc(z), there exists a
scalar @ such that z + ag € C for all a € (0,a]. By the definition of C, it follows
that f(z + oy) < f(z) for all a € (0, @], implying that

f’(x;ﬂ) — inf f(.’l? + ay) _ f(w)

a>0 «

<0.

Therefore y € {y | f(z;y) < O}7 thus showing that

Fe(z) C {y| f'(z;y) <0}

By Exercise 4.1(d), the set {y | f(z;y) < 0} is closed, so that by taking closures
in the preceding relation, we obtain

d(Fe(x)) € {y| f'(x;y) <0}

To show the converse inclusion, let 7 be such that f'(x;%) < 0, so that for all
small enough a > 0, we have

flx+ay) — f(z) <O0.

Therefore z 4+ ay € C for all small enough o > 0, implying that ¥ € Fo(x) and
showing that

{y 1 f'(@y) <0} C Fo(a).

By taking the closures of the sets in the preceding relation, we obtain

{v1 £ @y <0} =a({y| f@y <0}) Cdl(Fe(a).

Hence

A(Fe (@) = {u | () <0},

Since C is convex, by Prop. 4.6.2(c), we have cl(Fc(x)) = Tc(z). This and
the preceding relation imply that

Te(z) = {y | f'(x;y) < 0}.
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Since by Prop. 4.6.3, N¢(z) = Tc(z)*, it follows that

Ne(z) = ({y | f'(z3y) < 0}>

Furthermore, by Exercise 4.1(d), we have that

({y | f(zy) < 0})* = cl(cone(af(fﬂ))),

implying that
Ne(z) =cl (cone(af(m))).

If  does not minimize f over R", then the subdifferential df(z) does not
contain the origin. Furthermore, by Prop. 4.2.1, 8f(x) is nonempty and compact,
implying by Exercise 1.32(a) that the cone generated by df(x) is closed. There-
fore, in this case, the closure operation in the preceding relation is unnecessary,

ie.,

Ne(z) = cone(af(x)).
4.22
Let C; C R™, ¢ =1,...,m, be convex sets and let x; € C; for all 7. Show that

Tclx-»-x(]m(l'l, . ,l’m) = TCl (xl) X oee X Tcm(:L‘m),

NCIX~-><Cm(«731, .. .,xm) = Ncl (ml) X e X Ncm(xm).

Solution: It suffices to consider the case m = 2. From the definition of the cone
of feasible directions, it can be seen that

Fo,xcoy (21, 22) = Fo, (x1) X Fo,(x2).
By taking the closure of both sides in the preceding relation, and by using the fact

that the closure of the Cartesian product of two sets coincides with the Cartesian
product of their closures (see Exercise 1.37), we obtain

cl(Fc1 xCy (1, 1'2)) =cl (Fc1 (ml)) X cl(FC2 (mg))
Since C7 and C2 are convex, by Prop. 4.6.2(c), we have
To, (x1) = Cl(Fc1 (ml)), T, (x2) = cl(Fc2 (332))
Furthermore, the Cartesian product Cy x Cs is also convex, and by Prop. 4.6.2(c),
we also have

Toyxcy (21, 22) = Cl(Fc1 xCy (1, $2))
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By combining the preceding three relations, we obtain
Te,xcy(T1,22) = Toy (1) X Toy (x2).
By taking polars in the preceding relation, we obtain
Toyxcy (21,22)" = (Toy (w1) X Toy(22))

and because the polar of the Cartesian product of two cones coincides with the
Cartesian product of their polar cones (see Exercise 3.4), it follows that

Toyxcy (@1, 22)" = Te, (21)" X Toy (22)".
Since the sets C1, C2, and C1 x Ca are convex, by Prop. 4.6.3, we have
Toyxcy(w1,22)" = Noyxoy (21, 22),

TC1 (:E1)* = NC1 (‘rl): TC2 ('rQ)* = NCQ (:172)7

so that
Noyxcy (1, 22) = Noy (21) X Noy (22).

4.23 (Tangent and Normal Cone Relations)

Let Ci, C2, and C' be nonempty convex subsets of R". Show the following
properties:

(a) We have
Nclmc2 (:C) D) NCI (I) + ch(x), YVeeCin 027

Tclmc2 (:L‘) C TCl (I) N TC2 (x), VeeCiNCs.

Furthermore, if ri(C1) Nri(C2) is nonempty, the preceding relations hold
with equality. This is also true if ri(C1) N Cs is nonempty and the set Co
is polyhedral.

(b) For z1 € Cy and z2 € C2, we have
Ney 1oy (21 + x2) = Ney (21) N Ney, (22),
Toy vy (T1 4+ ®2) = cl(T(;1 (z1) + Tcy (1:2))
(c) For an m x n matrix A and any z € C, we have

NAc(AJJ) = (Al)_l . ]\fc(l‘)7 TAc(AI) = CI(A . Tc(l’))

Solution: (a) We first show that
NCI(CL‘)-i-NCQ(x) C Nclmcz(a:), VzelCindCs.
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For ¢ = 1,2, let fi(z) = 0 when z € C and f;(xz) = oo otherwise, so that for

f = fi+ f2, we have
f(x):{o if x € C1NCy,

oo otherwise.
By Exercise 4.4(d), we have

0f1(z) = N¢, (x), Vel

O0fa2(x) = Ny (x), Ve (s,
af(x) = ]\/vclmc2 (I), VexeCin Cz,
while by Exercise 4.9, we have

Ofi1(x) + 0f2(x) C Of(x), V.

In particular, this relation holds for every z € dom(f) and since dom(f) =
C1 N Cs, we obtain

Ne, (z) + Ney () C Neyne, (), VzelCnNCs. (4.22)
If ri(C1) Nri(C2) is nonempty, then by Exercise 4.9, we have
0f (@) = 0fi(@) + 0falw), ¥,
implying that
Nojnoy (2) = Ney () + Ney (), VzeCNCy. (4.23)
Furthermore, by Exercise 4.9, this relation also holds if C5 is polyhedral and

ri(C1) N Cy is nonempty.
By taking polars in Eq. (4.22), it follows that

Nclmc2(x)* C (NC1 (z) + Nec, (:v))*,

and since
(Ney (z) + Ney(2)) " = Ney ()" 0 Noy ()

(see Exercise 3.4), we obtain
Neyney(2)" C Nej ()" N Ney (x)". (4.24)

Because C; and C2 are convex, their intersection Cy1 N Cs is also convex, and by
Prop. 4.6.3, we have
N01ﬁ02 (ZC)* == TclﬁC2 (.’L’),

Ney(2)" =Tey (), Noy(z)" = Toy(2).
In view of Eq. (4.24), it follows that

Toyney (x) C Toy (z) N Toy (x).
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When ri(C1) Nri(C?) is nonempty, or when ri(C1) N Cs is nonempty and Cs is
polyhedral, by taking the polars in both sides of Eq. (4.23), it can be similarly
seen that

Teiney (z) = Toy () N Toy ().

(b) Let x1 € Cy and x2 € O be arbitrary. Since C; and C> are convex, the sum
C1 + (s is also convex, so that by Prop. 4.6.3, we have

z € Nojyop(z1+22) <= z'((yl +y2) — (21 +x2)) <0,Vy €C1, Vya2 €Oy,

(4.25)
z1 € ]\fc1 (1’1) < zi(y1 — l‘1) < 0, A4 Y1 € Cl, (4.26)
22 € Ngy (x2) = 25(y2 — x2) <0, VY ys € Co. (4.27)

If z € N¢, 10, (21 + x2), then by using y2 = x2 in Eq. (4.25), we obtain
2y —x1) <0, Yy €Ch,

implying that z € N¢, (x1). Similarly, by using y1 = z1 in Eq. (4.25), we see that
z € Ng,(x2). Hence z € No, (z1) N Ney (x2) implying that

Noyvoy(x1 4+ x2) C Neoy (w1) N Noy (22).

Conversely, let z € N, (1) N Noy (22), so that both Eqs. (4.26) and (4.27)
hold, and by adding them, we obtain

2 (1 +y2) — (21 +22)) <0, Yy €Ci, VYyzeCo.
Therefore, in view of Eq. (4.25), we have z € N¢, 10, (21 + x2), showing that
Ncy (1) N Ney (22) C Noy oy (21 + 2).

Hence
Ney oy (r1 4 22) = Ney (21) N Ney (22).

By taking polars in this relation, we obtain
N01+02 (.T1 + .TQ)* = (Ncl (131) N N02 (1'2))*~

Since N¢, (x1) and Ng,(x2) are closed convex cones, by Exercise 3.4, it follows
that
Ney+oy (21 4 32)" = Cl(Ncl (z1)" + Ney (xZ)*)~

The sets C1, C2, and C1 + Cs are convex, so that by Prop. 4.6.3, we have
NC1($1)* :TC1(1"1): ch(xQ)* :TCQ(x2)7

Neyyoy(x1 + 22)" = Toy +o, (@1 + 22),

implying that
To, 1oy (1 +22) = cl(Tc1 (1) + Tcg(xz)).
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(c) Let x € C be arbitrary. Since C is convex, its image AC under the linear
transformation A is also convex, so by Prop. 4.6.3, we have

2 € Nac(Az) <<= 2 (y—Az) <0, VyeAC,
which is equivalent to
2z € Nac(Az) <= 2/(Av—Ax)<0, VveCl.
Furthermore, the condition
2 (Av — Ax) <0, VveC

is the same as
(A'2)' (v — ) <0, VoveCd,

and since C' is convex, by Prop. 4.6.3, this is equivalent to A’z € N¢(x). Thus,
2 € Nac(Az) <= A’z € N¢(x),
which together with the fact A’z € N¢(x) if and only if z € (A’) ™! - No(z) yields
Nac(Az) = (A)™' - Neo(x).
By taking polars in the preceding relation, we obtain
Nac(Az)™ = ((A)™" - No(z)) (4.28)
Because AC' is convex, by Prop. 4.6.3, we have
Nac(Az)" = Tac(Azx). (4.29)

Since C is convex, by the same proposition, we have N¢(z) = Te(x)*, so that
Nc(x) is a closed convex cone and by using Exercise 3.5, we obtain

((A)™" - Ne(@))" =cl(A- No(z)").
Furthermore, by convexity of C, we also have No(z)* = To(z), implying that
((A)™" Ne(@)" =cl(A-Te(x)). (4.30)
Combining Eqs. (4.28), (4.29), and (4.30), we obtain

TAC (A:I:) = Cl (A . Tc (l‘)) .
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4.24 [GoT71], [RoW98]

Let C be a subset of R" and let * € C. Show that for every y € Tc(z*)* there
is a smooth function f with —V f(z*) = y, and such that z* is the unique global
minimum of f over C.

Solution: We assume for simplicity that all the constraints are inequalities.
Consider the scalar function 6 : [0, 00) — R defined by

Oo(r) = sup y(x—2z"), r > 0.
z€C, ||lz—z*||<r

Clearly 6o(r) is nondecreasing and satisfies
0 = 60(0) < Oo(r), Vr>0.
Furthermore, since y € Te(z*)*, we have y'(z — 2*) < o(||lxr — z*||) for z € C, so
that 6o(r) = o(r), which implies that 6y is differentiable at r = 0 with V6,(0) = 0.
Thus, the function Fy defined by
Fow) = Oo(lle — 2" ) - ¢/ (= — ")
is differentiable at x*, attains a global minimum over C' at z*, and satisfies
—VF((z") =y.
If Fo were smooth we would be done, but since it need not even be contin-

uous, we will successively perturb it into a smooth function. We first define the
function 6, : [0,00) — R by

2r .
01(r) = %fr Oo(s)ds }f r >0,
0 if r =0,

(the integral above is well-defined since the function 6y is nondecreasing). The
function 6, is seen to be nondecreasing and continuous, and satisfies

0 < 0o(r) < 6:1(r), Vr>0,
61(0) = 0, and V6:(0) = 0. Thus the function
Fi(z) = 01(|lz = 2"|)) — y'(z — z7)
has the same significant properties for our purposes as Fy [attains a global mini-

mum over C' at z*, and has —VFi(z") = y|, and is in addition continuous.
We next define the function 6 : [0, 00) — R by

2r .
0a(r) = %fr 01(s)ds %f r >0,
0 ifr=0.
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Again 6> is seen to be nondecreasing, and satisfies
0<0i(r) <0a(r), Vr=0,

62(0) = 0, and V62(0) = 0. Also, because 6, is continuous, 0 is smooth, and so
is the function F> given by

Fay(w) = 02(||z — 27|)) — y/' (@ — 7).

The function F> fulfills all the requirements of the proposition, except that it may
have global minima other than z*. To ensure the uniqueness of z* we modify F>
as follows:

F(z) = Fa(2) + o — 2" ||*.

The function F' is smooth, attains a strict global minimum over C' at z*, and
satisfies —VF(z") = y.

4.25

Let C1, C2, and Cs be nonempty closed subsets of ™. Consider the problem of
finding a triangle with minimum perimeter that has one vertex on each of the
sets, i.e., the problem of minimizing ||x1 — x2|| + ||z2 — z3|| + ||zs — z1|| subject
to x; € Cy, ¢ = 1,2,3, and the additional condition that z1, z2, and z3 do not
lie on the same line. Show that if (z7, 25, z3) defines an optimal triangle, there
exists a vector z* in the triangle such that

(" —ai) € Te; ()", i=1,2,3.

Solution: We consider the problem
minimize ||z1 — z2|| + ||x2 — x3]| + ||lxz — x1]|
subject to z; € C;, 1=1,2,3,

with the additional condition that x1,2x2 and x3 do not lie on the same line.
Suppose that (z7, x5, v3) defines an optimal triangle. Then, z] solves the problem

minimize [lz1 — @3]l + 23 — 23] + |5 — a1
subject to z1 € Cf,
for which we have the following necessary optimality condition

* * * *
Ty — T T3 — Xy
5 — il llzg — 21

d1 = (S TCI (xf)*

The half-line {z | z = 2] + adi, a > 0} is one of the bisectors of the optimal
triangle. Similarly, there exist d2 € T, (23)" and d3 € To, (23)™ which define the
remaining bisectors of the optimal triangle. By elementary geometry, there exists
a unique point z* at which all three bisectors intersect (z* is the center of the
circle that is inscribed in the optimal triangle). From the necessary optimality
conditions we have

2" —x; = audi € Toy (x7)", i=1,2,3.
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4.26

Consider the problem of minimizing a convex function f : R" — R over the
polyhedral set
X={z|ajz<b;,j=1,...,r}

Show that =™ is an optimal solution if and only if there exist scalars uj, ..., ur
such that

(i) pj >0 for all j, and pj = 0 for all j such that ajz* < b;.
(ii) 0 € f (™) + > 7, nja;.

Hint: Characterize the cone T'x (z*)*, and use Prop. 4.7.2 and Farkas’ Lemma.
Solution: Let us characterize the cone Tx (z*)*. Define
A(z™) = {j | ajz" =b;}.
Since X is convex, by Prop. 4.6.2, we have
Tx(z*) = CI(FX (m*)),

while from definition of X, we have

Fx(z*)={y|ajy <0, VjeA@")},
and since this set is closed, it follows that

Tx(z")={y|ajy <0, VjeA@")}.

By taking polars in this relation and by using the Farkas’ Lemma [Prop. 3.2.1(b)],
we obtain

Tx() =4 > may

JEA(z™)

/ljZO, V.76"4(‘73*) )

and by letting p; = 0 for all j ¢ A(z™), we can write

Tx(a")" = {Zujaa‘

j=1

By Prop. 4.7.2, the vector z* minimizes f over X if and only if
0€0f(z")+ Tx(z")".

In view of Eq. (4.31) and the definition of A(z"), it follows that =™ minimizes f
over X if and only if there exist uf, ..., sy such that
(i) pj>0forall j=1,...,7, and uj = 0 for all j such that ajz* < b;.

(ii) 0 € f (™) + > 7, nja;.
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4.27 (Quasiregularity)

Let f: R™ — R be a smooth function, let X be a subset of R", and let z* be a
local minimum of f over X. Denote D(z) = {y | Vf(z)y < 0}.

(a) Show that D(z*)NTx(z*) = @.
(b) Suppose that X has the form

X = {a:|h1(x):(),...,hm(a:):0, q1(z) <0,...,9-() §O},

where the functions h; : R" — R, ¢ = 1,...,m, and g; : R" — R, j =
1,...,r, are smooth. For any x € X consider the cone

V() ={y | Vhi(z)y=0, i=1,...,m, Vg;(z)'y <0, j € A(z)},

where A(z) = {j | gj(z) = O}. Show that T'x (z) C V(x).

(¢) Use Farkas’ Lemma and part (a) to show that if Tx(z*) = V(z*), then
there exist scalars A7, ..., A\, and ui, ..., pur, satisfying

V@) + Y N Vhi() + Y @i Vgat) =0,
i=1 j=1

p; >0, Vji=1,...,r w; =0, VjeA").

Note: The condition Tx (z*) = V(z*) is called quasiregularity at =*, and
will be discussed further in Chapter 5.

Solution: (a) Let y be a nonzero tangent of X at x*. Then there exists a
sequence {¢"} and a sequence {z*} C X such that z* # z* for all k,

5/@ _ 0’ CEk N IE*,
and .
¥ -z y &
— = 4. (4.32)
lzd — 2| [yl

By the mean value theorem, we have for all k
f@®) = f(@") + Vf(E") (=" - "),

where Z" is a vector that lies on the line segment joining z* and z*. Using Eq.
(4.32), the last relation can be written as

[l

va(i’k)’yk, (4.33)

fa®) = fa”) +

where
v* =y +yle".
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If the tangent y satsifies Vf(z*)'y < 0, then, since z* — z* and y* — y, we
obtain for all sufficiently large k, Vf(i*)'y" < 0 and [from Eq. (4.33)] f(z*) <
f(z*). This contradicts the local optimality of x*.

(b) Assume first that there are no equality constraints. Let z € X and let y be
a nonzero tangent of X at x. Then there exists a sequence {¢*} and a sequence
{z*} C X such that z* # x for all k,

£k — 0, ¥ — x,
and .

¢ — Y &

- = _Z +€ .

ek =zl llyll

By the mean value theorem, we have for all j and &
02> gj(a") = gj(2) + Vg;(@") (2" — 2) = Vg; (") (" — ),

where Z" is a vector that lies on the line segment joining z* and x. This relation
can be written as

where y* =y + £*||y||, or equivalently
Vo (@)y" <0,y =y+ &Iyl

Taking the limit as k — oo, we obtain Vg;(z)'y < 0 for all j, thus proving that
y € V(z), and Tx (z) C V(). If there are some equality constraints h;(z) = 0,
they can be converted to the two inequality constraints h;(x) < 0 and —h;(z) < 0,
and the result follows similarly.

(c) Assume first that there are no equality constraints. From part (a), we have
D(z*) NV (z*) = @, which is equivalent to having V f(z*)'y > 0 for all y with
Vgj(z*)'y < 0 for all j € A(z*). By Farkas’ Lemma, this is equivalent to the
existence of Lagrange multipliers p} with the properties stated in the exercise. If
there are some equality constraints h;(z) = 0, they can be converted to the two
inequality constraints h;(z) < 0 and —h;(z) < 0, and the result follows similarly.
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