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General overview of the MACBETH approach

Carlos A. Bana e Costa
Technical Universi(y of Lisbon
IST -Dep. Civil Eng. / CESUR

Av. Rovisco Pals.  1000 Lisbon, Portugal

Jean-Claude Vansnick
University of Mons-Halnaut
F.S.E.S.. Place du par, 20

70cO Mods, Belgium

INTRODUCTION

MACBETH is an  interactive approach for cardinal measuITement of judgements about
the  degrees  to  whicti  the  elemcnls  ol.  a  rinite  set A  possess  a  property  P.  The  name
MACBETH ,  Measlll.ing  AIIra(tivcliess  I)y  a  Calegorical  Based  Evaluation  Teclmique.
comes  from  the  fact  that  we  concei\'ed  our  approach  with  the  aim  of  faciutating  the
measurement    of   (degrees    of)    aur`ictiveiiess    in    decision    processes.    Nevertheless.
MACBElll can  also  be  ,ipplied  lo  measure  other  properlies  in  domains  of knowledge
others than Decision Scielices. such as ill  Psychophysics or in Social Sciences.

In  (his  nriiL;!e  `..-'e  cf.-cr a  g?Iier:il  ovcrvicw  of MACBETH  where  we  introduce  some
modirications  improviiig tt.e ii`ili:`l  lci`hi`ical fomulation of [Bana e Costa and Vansnick.
1993 and  1994.i|. al(hough (hc ba.<ii. cui`ceplual  ideas remain the same.

Objectives and questioning niode of MACBETl+

Let  A  be  a  rinite  set  of  polclitial  iictions  for  which  an  actor  0  wants  our  aid  in

quantifying  his  judgcn`ciils  of  alm`cliveness  of  the  elements  of A.  In  such  a  decision
context.   the   MACBETH   .ippro:ich   I:`cili(ales   the   consLnlction   of  a   numerical   scale
v: A i 9i: a i v(¢)  such Ill:`I:

•       Not  only,  v(a)  numeric:illy  reprc.`i`Ii(s  the  aLtrac(ivei`ess  of  action   a   for  0   in   the

(substantive) selise tlial:

(1)    Va ,b € A , i.(ti) >  v(/;) if and oi`ly i[. D judges a more attractive (ham b (a Pb)

•       but also. tl`e  positive differei`i`e  `'(o)-t.(b)  numerically represents  the  difference of

altracliveness between llie actioiis a .ind b for D in  llic sense that:

(2)   Va.b,c`.al e  A  with  w P/j  and  t. Pt/ .  [t.(q)-v(b)I/[v(c)-J(d)I  reflects the m[io

(that  D  feels  wilh  gre.iler  or  li`ssi`r  precision)  of  lhe  differences  of  attractiveness
belween a and b on  the one h:`iid  :`i`d t. and t/ on the other h,ind.

Obviously`  such  a  si`ale  \.  s:ilisric.i  the  co]`di(ioi`s  defiliiiig  (hc  fiotion  of ..measurable

value   ful`ctiol`"   (cr.   [Dyer   `iiid   S:`i.ii``    11)79]).   for   from   (2)   imn`ediatcly   follows   ll`at

Va.6,(`.d€A    wilh    tip/)    :ii`d    t`Pt/`    `.(ti)-`.(/))>tl(t.)-i.(tJ)     it.   and   oi`ly   if   the

dirrerelii`e of :itmictiveiiess  ho-tweon w  :\I`d  /j  is  larger ih:in  tlie  difrerei`ce  of a(tmc(ivencss

be(weci`  t`  ai`d  t/.
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Several techniques have been suggested in  the  literalure  for the construction of such a
value  function,  bul  the  difriculty  of the  questions  that a  is  asked  to  answer  makes  that
notion   hardly  operational   in   practice.  One  of  the  key  advantages  of  MACBET[]  is

precisely  lha(  its  questioning  procedure  is  particularly  intelligible  and  straightforward,
for il involves only two ac[ions in e:ich question. For this purpose. r`IACBETH makes use
of the "a/I.o„ o/di#crc;Ice a/ cl//rat./I.t'c/Icf5 between two actions of A.

In  fact, V  a,b e A  with  a P/J.  MACBETH's questioning  mode consists  of asking a
to  express  an  abjo/I//a /.iid`geme/iJ  of  difference  of  attractiveness  by  assigning  the  pair

(a .  b)  to one of (hree scmal)(ic c:itegorics:

C2     i Weak differellce tlf alli.tlt.Ii\'eliess

C.     + slrung (lif f erellce of (IIII.(Ii.Iivclless

C6     + extreme dif ferell(e of illll.a(Iiveness

or. in the case of hesitation. to one of three inlemediate categories:

C\     + yery weak (liffel.ence of (lIIl.{l(Iiveness (f ram llil lo weak)

C.     + Iiioderale  tliffei.ente t)i tllll.tii.Iiveness (f ram `veak lo 5n.olig)

Cs      -very slrorlg (liffil.eli{`e  i>f tilli.(I(.I:.;e!!css (f rolri sl..ons  lo  e.xtreme).

From  a  mathematic.il  poiiit  of  view.  the  categories  C',.  C2`  C3,  C'..  C5  and  C6  are
asymmetric   bill:try   rclatioiis   whii`h   ctilisti(ule   a   partitioii   of  P   =   ((a,A)€  AXA   I 0

judges a more a(lr8clivc  Lhul` /j ) .
The  notion  of absolute  judgei]iei`t  h:`s  also  been  used  by  Sooty  [1977.  1980]  in  the

questioning  mode  of his  An:ilylic:il  Hicr.iri`hy  Process  (AIP).  In  spi.e  of this  common
basic  idea.  (here  is  sigitil.ic.iii(  fui`di`nicl`Lal  d.iffcreiices  be(ween  MACBETH  and  AID.
First,   ill   MACBETH   the   `ibsolule  judgements   concern  dl#c;.ci!ccls   (of  attractiveness)
where.is  in  Saaty's  method  lliey coi`ccm  t.f!/I.os  (of priority. or of importance).  Moreover,
and  (his  a  key  dis(ii`ctioli  be(wccn  ll`c  tci.hnical  procedures  beliiiid  the  two  .Approaches,

for delermil`ing a numcric.i[  scale  on A.  S{m(y a p7.i.oi.I. associates .1 sii`gle arbitrarily  fixed

number to e`ach of his c.itcgories of I.:`lios. whereas in  MACBETH:

I.      we  associ:lie  to  e.ich  or  our  si.`  i`;iii`gories  C,  to  C6  .lil  jp±j:p±al  of  the  re:`l  line,  as

shown  in  l`igure   L`  :`iid

2.      the  (hresholds  i,   (I.  =   1`   2`   3`   4.   5.  6)   defining   the   intervals  associated   with  our

categories a±g+}Qi w /J/.I.t;/.I. I.ixcd:  on  lhi`  contrary.  they  are  determined simultaneously

with  (he T`umcric.il  sc:`le  t. Ill:I(  wc  :ire  looking  for.

Ci                    Ci                   C.`                   C4                 C5             C6L-:-: ->
Jl  = 0                  52                   S.'                   JJ                       J5                   j6

fl..pli7.t.  /  -Represel`(:I(ioi` ol. MACBETH's c:ilcgorii`s  in  (he real  line
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More accuralely. once D has assigned each pair (a. b) € P  to one of the six semantic
ca(egories of difference of atLracliveness, MACBETH trie.a to detemine simultaneously:

•      an app/i.ca/I.on  v: A + 9i associating each element a ofA with a real numberv(a)
and
•       six real numbers   s,, 52, s].f4, f5 ai`d s6Such that

(3)                                                                   0=J/  <J2<J3<J4<J5<J6

(4)       Va,b€A:

VA € {1.  2,  3,  4.  5}:     jt  < t.(4)-v(b) < st+I   ifandonly if  (a,  b) € Ct

and                   J6  <v(a)-\.(/))   ifandonlyif  (a, b)ec6.

Let  us  see  how  MACBETH  inter.icts  with  D  to  reach  this  purpose,  assuming.  for
reasons of clarity of e.`posi{ion. th:`t the matter here is only the c.1rdin.il  component of the

problem. That is to say lhal we will assume lhe following hypotheses:

Hypothesis HI    The    bin.Try    rel.ition    P    modelling    tlie    ord;I,=l   j`idgerr.cnts    of
atmc(ivel`css   ol.   D   abou:   the   elements   of   A.    is   asy.iunietric,

HypoihesisH2:e±a{;ty,C.'ya:`:?:.i:i:::,i::::in:`uecch`et:::hatis.Pisa[olalstrictorder).

V I. ± /. e { I.  2 .... ` n }. aj  P a,,   if and ot`ly if  I. > /'

that   is.   the   complete   mnking   of  the  elements  of  A   by  order  of
decreasing  atm`Ctiveness is aR P a^./  P  ... P C!2 P ai.

In  these conditions,  to collect  O's  `il].solule judgements  of difference  of attractiveness
be(ween  (hc  elements  of A   i(  is  surlicien(  Io  fill  in,  row  by  row.  the  upper  part  of the
„ x „  matrix

`'„               ,/„1               .            .            .                a2                a I

where`  V I. >  j €  {l.  2 .....  /i}  "`d  v  A.  €  {l.  2.  3.  4.  5,  6}:

af./.  =  A.   il. :md  ollly  if   (ti,.  .a,.  ) e   C*.

NE/UFSC
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Cardinal consistency

ln theory. tlie search  for an  application  y: A i 9t  satist.ying (4) is a particular case of
the  problem  of the  cons/a"  /^reJAt7/t/  raprcJcn/a/I.a/I  of a  in-tu|)Ie  of binny  relations,
studied  by  Doignon  {1987]  who  slaled  a  necesstry  and  sufficient  condition  (cyclone
condi(ion) for the existence of a solutioii.

Bana e Cosh and Vansi`ick |1994b}  prove that. when hypothesis Hl  is satisfied (P is
a   total   strict  order).   Doignon's   coiidilion   is   a   riecessaly  and   sufficient   one   for   the
existence   of   an    application    v:Ai9i    satisfying    (4)    and    (3).    In    practice.   it   is
unfortunately  very  difficult  lo  lest  lhc  lheorelical  condition  of Doignon.  It  is  tlie reason
why we developed anotlier palh  for  verifying  the existence of a solution  for our plot)lem.
11  consists  in  solving  lhe  followilig  linear program  (called  "c.I),  lhe  variables  of which
are  V(4) (a €  A) .  Ji  ,J2 .J3 .J4 .J5  .J6  {md C.:

Minc
J.I.

rf}/        allvari.ib]es20
r))       sl--O
r2/         v(a,)=0   (seeli}p`(IlesisH2:  V«€A.  apat)

rj/         V*€{2,3,4.5,6):  f{-f^_,21000

r4)        Vt.e{l.2.3,4.5.6}.   V(w./j)€Ct:   v(a)-t.(a)  25t.+I-a

rJ/         VA€{1,2.3.4.5}.   V("/J)€Ct:   v(a)-v(6)S  J*+1-I+c.

Band  e  Costa  and  Vansi`ii.k  I 1994h|  prove  that  an  application   y: A i 9t  satisfying

(3) and (4) exisls  if and oilly  if llle  optimal  solution  c.„„.a of M"  is  equal  to 0.  When  Cm.a
± 0 ltiere exists some cardiiml  iiicoiisi`.leiicv  in  the absolute judgements of o.  in  the  sense

(liat  the  desired  numerical  reprcsciit:iljon  js  not  possible.  In  this  case.  it  is  important  to

try  lo  identify  llie judgcmciils  th:il  ari`  c.iusing  trouble  in  order  lo  discuss  wilh  D.  Two
linear programs` called Wt.3 al`d it/t.4. h,ivc been developed for that purpose.

Some new non  neg:`live  vari:`blcs  ii`lertene  in  Mc.3,  together  with  v(a)  (a  €  A). si.  J2,

J3.   J4.   f5   and   J6:   a(a./J)   alld   a((i./J)    I(w.4)€C,uC2|;...uC6]   and   P(a.6)   and

y(fl,b)I(tl,/J)€C,uC2u...uC`5].Tliesevarinblesarederinedby:

r6J     Vk€{l,2,3.4.5.6}`indv(„€Ct:v(a)-t'(a)=ft+I-a(a.b)+6(a.b).

r7)     VA.€{l.2.3.4.5}andv(o./7)€Ct:   `J(a)-.v(d)=ft+,-I+P(a.6)-y(a.6).

ENE/UFSC
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The vaiiables a(a,b)  and  P(cl,A)  (see rigure 2)  are particularly interesting for they
enable  (he  immediate  identification  of the  ordered  pairs  (a.A)  that  can  be  trie  cause  of
inconsistency. The objective function is the same in Wc3 and Wc4:

Min

(ii.6)ec,uC.:u...uC..a:uuc.a(a'°+(a,)€c.£:u~uc,P(a.°]

and (he constrain(s are:

•     for Wc3: ro, r/. r2, rj. /.4 :llld /.i (bolh with c replaced by cmu.„). rf and r7;
•     [orMc4.. ro.rl.r2.r3.I.6 and I.7.

Note  lhal  the  .wo  progmms  only  difrcr on  the  constmints  r4  and  rj  which  are  not
included in Wc4. The aim  of Mt.3  is to detect all  (he possible sources of inconsistency; in

pallicular.  it can  be useful  to  idemify  the  cyclones  related  lo  the  theoretical condition  of
Doignon  (see Band e Costa and  V.insnick  I 1994b]). Mc4  suggests a restricted number of
modifications  of category  (o  Lel`t.itivi.ly  reach  cardinal  consistency.  Let  tJs  mention  (hat
tllese suggestions miist be  (aken  .simrl.v  `is a  basis  for discussion. 0  being  free to  modify
his  initial  responses  in  who(ever  vy.i}  he  wishc:.  ;VIA.=BETH  belongs  (o  (he  (up  to  now)
restric(ed  class  of  in(erac(ivc  `appro:`i.hes  (hat  fullow  a  /cai.nl.ilg  pa/.ndi.gin  in  decision
aiding.  allowing  D  (o  feel  ri.ce  iu  I.i`vi.`ilig  his  judgemen(s  ai`d.  if  he  watt(s  to  go  back
anytimc  in  his  process  orjuilgii`g.  Ir in  lhe  course  of his  cognitive  process D  decides  to
revise soiT`e of his  il`iti:ul judgeiTiel``s`  mAkiiig  some modirica(ioi`s of category.  (he  consis-

(ency  of the  new  m&lrix  of revised judgements  will  bc  tested  again,  thus  rc-starting  the
MACBETH in(eractive cycle of cl.iLior:Lli{in. modirication  and or validation of D  absolute

judgements of differel`i`e of Att[.:ictiveiie.`s (see figure 4).
Let  us  add  Lliat.  bcforc  .ipplyiiig  progr.im  Mt.l   to  the  judgemen(s  of 0,  it  is  very

in(eresting, from a le.unii`g  perspi`ctivc.  (o s(.ur(  by  testing  the following  condition  (which

follows immedia[e]y from (J)) calli.I seii`antic consistency condition:

Va,b.t. €  A  wilh ap/7ai`d /jpt.  :`I`d  VA..A.' € {1.2.3,4.5.6}. if (a.  b)  e   CA  "d

(b`  c)  e   CA, . oiie  must  h:`vi`  (w.  t.) e Ct..  with  A" 2  in.ix{A',k'}.

This  condition  (which   is   iiTiplied  `iy  the  cyclone  coi`di(ioi`)  ca]`  easily  be  tested  by

verifying  that:

In  each roy,' of D's  nl(Ilri.\  tJf jutls`clilcrils  of diffel.eli(c  of allraclivclless  lI.e

valiies  a;.i   tlo  n(]I  (I(i`I.({ls(  fi.t»u  lt'fl   lo  I.ighl.  aiitl  ill  c'ilch  of  its  colllmlls

llie valiies  a,,,   ilo  IIiw  illt-I.(tisc fi.tun liii)  Io  I)otlom.

This  is  t]ui(e  .1n  cnsy  pr;iL`(ii.:il  (i`.`t.  \`.hiL`h  iiTuncdi:`tely  shows  up  tl`e  judgemel`ts  tha(

can   caus`c   tr.oublc   w'hci`   si`m:mtii`   i`()iisisti`iicy   is   not   verilii`d,   tl`us   i`rc:`(il`g   learnit`g

c'ondilioi`s   for   launchil`g   i]ii   ill(cr:`i`ii\i`   disi`ussion   with   D.   whi`rc   coiisislcticy   can   be

reached  b).  .1ppri`;.iiilely  i`l`:mgili!  ui`i`  or  .`i`vcral  ot. his  ii`i(ill  jildgenienls.  This  test  is

pert.e[tly  ii`scrted  ill  the  i`omtriii`(i\.i`  prii`i.iplcs  ol. oilr nppro:ich.

ENE/UFSC
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MACBETH`s suggestion ora viilue scale: the program Wc2

As smled above, when cm,.„ equals 0. c`ne can  be sure lha[ there are real numbers v(a)

(a  €  A).  Jr  J2, S3, J4,  S5  and J6  Verifyillg  (3)  and  (4).  The  problem  now  is  how  lo  deter-
mine such  numbers. Note lhat. when  scmanlic  consistency  is veriried, it can be interest-
ing  to  give  directly  a  suggestion  of a  numerical  scale  even  when  c.mu.„  ±  0.  Speciauy  in
multi-party or time-consmined decision processes, this can be a more pragmatic path for
measurement   (nan   ttie   more   (ime-consuming   revision   of   tJieoretically   inconsistent

judgements  based  upon  lhe  siiggeslions  of (Wc3  and) "c.4.  To  give  an  answer to  these
two points.  the  MACBETH  :ippro.ii`h  includes  anotlier linear program,  called Wc2.  the

I(¥:6b)'eesc°6f]:::C:(:.e4;(:id(4n(€„.Ab)).[`(I;.Jo2;e'3;,'3cJ:;:.:uJ85]a(a'G)and6(a'0

~1.^    {         I       [e(a.b)+T|(a./J)]    +    Z   a(a.6)   }

I :a,f.'2:f;:a                                 (a„ "
J.'.

ro, r/. r2, rj, r4 and /.5 (bolh  with t` replnced by L`",.„)
r8)        V(a.b)€C6..  v(a)~v(11)=s6+\~a{a.b)+8(a`b)

rf)          VAe{l.2.3.4,5}.    V(w./j)€C.A:

v(a) -v(/j) = (i.I  + I.A.+, ) /2  +  €(ti , 6)  -n(fl.  a)

(see rigure 3).

The formulation given to the ol)jei`live-function of Wc2 results from our wish [o arrive
al  numerical  values  for  the  differclii`e  o[.  a[[ractiveness  of  pairs  assigned  to  the  same
category   such   (ha(.   if  possiL7lc,   (hesc   pairs   are   closer   among   themselves   than   pairs
assigned lo difrcrenl categories.  Nolc :`I.io that  €(a , b) .T|(cr . b)  = 0  in  any basic solution

of „,.2.
Tl(`,. /')+  i€(a, b)

skCk Jt+I

fl.`?ili.I. j -V:iri:`17les  n(a,  b)  and  e(a,  b)

Tlie  sclieme  in  rigure  4  ol.fees  a  gr:iphic  overview  of the  cyclic  interactive  process  of
the  MACBETH  appro,ich.  As  tigurc  4  suggests`  oiice`a  numerical  scale  is  obt.lined  ®y
the  optimal  solutjoii  of it/t.2)  the   ii`ler:`cliol`  with  D  c`in  go  on  to  the  discussion  of  the

cardil`.ili(y  of (he  sc&Ie`  tlial  is`  to  l]ic  v:`lidalioii  of coi`dilioii  (2)  (note  lli:`(  coi`ditjot`  (I)

is  certiiil`ly  satisricd).  Proli:iLily.  Llic  li`o.`i  rricndly  way  to  ease  this  discussion  will  be  (o

plot  tlic  numbers  t`(tl)  (w  E   A)  oil  {i[i  oriciitcd  a.tis.  and  than  verify  with D  if the  relative
disIAnccs  between  poin(s (.ii`lions)  i`orTi`sT)oi`d  to D's rehtive  dil.I.erences o[. :`ttr:`c(i\'eness.

If  so.  the  applica(ioi`   v:  A i9i:" +  \.(tl)   c.in   be   rii`.illy   (ckei`   as   an   i]`terval   scale

quantifying  tl`e iitlric(ivei`ess  o(. (l`i` :`i`(i`)iis  of A  for D.

ENE/UFSC
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INTERACTION

FACILITATOP / MACBETH

PqoGBAM  Met

c,.   . INOICATOR CW:  INCONSISTENCY

c--a
CC"SISTENcy

c.- , a
INCONSISTENCY

PPIOGRAM
MC2'

SUGGESTS
A NUMEaH=AL

SCALE

PcOGRAMS
MC3  8  MC*

I
F]EVEAI

SC"f`CES0F
INCONSISTENCY

FI-giii.c 4 -Inlcr.1i`livc scheme of MACBETII

Final comments

ln   Measurement  Theory   lcrmii`ology.  MACBETH  is  an   ii`leractive  approach   for
mapping  into a real  sc`ule various di`gi.i`cs  ot. a  properly  of the  elemeiits  or .1  finite  set A.
The originality of MACBETH.s qucsliol`ii`g  procedure  is tlie  possibility  of establishing  a
constructive   path   towards  c:ndili:il   mi`;I.`iircment   in   both   quantilalive   and  substantive
meaningful  terms.  ,ivoidil`g  lhi`  o[)cr:iliui`;i]  problems  recognised  as  a  weali'ness  of other

procedures.  The  iisc  of the  nolion  ol. .sciii:ii`{ic  absolute judgements  pays  a  key  role  hcrc,
and  (he  simplici[y.  ii`ter.1clivity  aiid  i`oI`structivcness  of  our  approach  inserts  i(  in  the
modern paradigms of decision aid.

In  practice, the  use of MACBETH `stroiigly  racilitales lhc  intemction  with  the  evalua-
lors.  As  a  matter  or  fact.  in  all  the  re:II-world  decision  aid  cases  where  we  have  been
applying  our apr)roach  (see.  i.or exainple`  [Bana e Costa al`d VansnicL-,1995])  the evalua-

lors   not  only  felt  comfort.1blc   in   `ins\`'cril`g   MACBETH's   questions.  emphasising   the

simplicily of lhe quest.iol`ii`g  proi`edurc `md  the  usefulness of MACBETH.s suggestiol`s  lo
elabor.ile  or  rcvisc  judgcmel`ls.  t>ul  .ilstt  ihcy   were  very  conriden[  in   [l`e  results  of  the

interactive  lcarniiig  processes.
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